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Abstract— Effective marketing motivates this control study ~ while the second case takes relatively free energy from
to understand the multiplicity of stable solutions in a transcrit-  the environment. Subsequent to this, the refrigerant passes
ical heat pump where in prototype units two steady states est  ,.,,gh the charge accumulator which provides for excess

(very ef¢cient, and inefscient). Control oriented modelling, h t d . t t th
originating from ¢rst principles highlights the state-dependent charge storage and a passive way 1o ensure vapor at the

heat transfer coefcient in the evaporator dynamics as a COMPressor entrance.

contributing cause to this bistable phenomena. Spegtally, the Diagrams of Efficient and Inefficient Transcritical Cycles
bilinear nature of the controlled gas cooler and its couplirg to 210° ‘ ‘ ‘
the dynamic nonlinearity in the evaporator induces a system
wide bifurcation in the equilibrium conditions. Model results
are presented to illustrate this, along with steady-state rd
dynamic data to coryrm the accuracy of the model.
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I. INTRODUCTION

The recent initiative to use natural refrigerantsR(s
for example) forHeating Ventilation and Air Conditioning
(HVAC) equipment is motivated for many reasons includ-
ing environmental friendliness, and its ability to achieve
higher egciencies. There is concern of the permanence of
hydroAuorocarbons (HFC) as a refrigerant due to impact O 20 S0 0
on the environment, and in addition, the thermophysical Enthalpy [kJ/kg]
properties of FRs motivate higher egfciencies than its
HFC counterpart for some applications. Th®egcient

of Performancg(COP) is the ratio of energy produced vs. . . ) e .
energy consumed, and as a comparisofiRa; heat pump while operating at high gtiencies. A variable speed water

reaches a seasonal COP average on the order of 3-4 while’3fi"P 1S utilized to actuate_wat@ow to maintain Ie_avmg
electric water heater operates with a COR..0. Obtaining water temperature .accordmg to customer SgEations.
these high gfciencies is essential to provide quick custome?eco_n_dly’ the EXV is used asa t_hrottle to control pressure
payoff for purchase and installation and becomes one of t gndltlons in the system, which is often used for system

control objectives of the product. op¥m|§a:t|on. derstand ol ts of th ¢
The primary difference between the transcritical cycle 0 better understand control aspects of the system we

and the conventional subcritical cycle is that high side he Fek a model-based characterization of the physics pertinent

exchange is performed in the single-phase gas region abo e]cont(;ol.f In ths rtletferclencets by f[1] ta dyqarrt1|c mlodq IS g?
the saturated phase dome (hence gas cooler). The co 20ped ot a subcrilical system Tor transient analysis, whiie

pressed refrigerant at (Figure 1, 1) enters the high side he%?im”ar approach is found in [2]. A reduced order model

gxchanger. Water passes this heat exchanger in a cour{[br‘)’]’ and [4] is used to analyze control aspects including

- . ultivariable architecture of subcritical and transcritical
Aow manner removing heat from the refrigerant. Onc . .
9 9 VAC systems respectively while [5] offers model-based

cooled, the refrigerant is expanded through the electron- timizati heat Reduction techni
ically controlled expansion device (EXV) and this sudderpPHmization on a heat pump. - Reduction techniques are

drop in pressure cools the refrigerant to cooler than ambieﬂfiire?te? '?]t[eg tr?] a;ldlrl_e:s tml\;le s_cr:]alebasilémptlgqns dml HVAC
conditions, and under the two-phase dome. A second heatro-onented modetiing. ioving boundary models are
erived in [7] which facilitate gfcient simulation and other

exchanger (Figure 1, 3-4) is used to warm the refrigeragontrol oriented analysis. Steady state analysis is performed
ing the f nergy in air, and two different conditi X
using the free energy in air, and two different cond |onm [8] between a traditional HFC anBR s systems as a

have been observed with a prototyp& 5 hot water heat .
technology comparison.

pump for this component. One of these conditions isathe We show that the d _ f ! ¢
designedefs cient case taking alot of energy from ambient, € show that the dynamics or evapora s are no
only complicated but extremely Anential to the controlled

* United Technologies Research Centeast Hartford, CT performance of the h?at pump. Numerous studies have
2University of OklahomaNorman, OK been performed for different applications of evaporative

Pressure [kPa]

Fig. 1. Efcient and Inefcient Transcritical Cycles
Two control variables are used to meet customer demands



heat transfer. In [9}rst principles are developed resultingdimensional refrigeranfow are:
in a dynamic model capable of transient simulation for

CD C
R22. A detailed nondimensionalized model provided in Cw - —c'j}_o @ 3 @)
[10] by averaging which includes two integrations over CDk _Ds. C"g? @ G W W

spheres in three-dimensional space. These models offer

analysis tools for the_edinegg instabilitywhich identify ~Where wdenotes time} is a point along the length of
multiple solutions in the velocity to pressure drop relationthe heat exchanger refrigerant tube amds>k>W» is

as well as dynamic instabilities seen as density wawve-  refrigerant density, pressure, enthalpy, temperature and mass
tuations. A large amount of work ([11], [12], and [13] for AOW, while W > are wall temperature and heat transfer
example) demonstrate variogdelity modelling approaches coefcient, andD>G are the area and diameter of the
to understand instabilities between refrigerant evaporatof§annel. In addition to the above equations there are
and the expansion valve used to control this evaporatéPnstitutive relations relating the-s>kand W (i.e. @
(usually thermostatic). Detailed experimental evidence ofts>k andW@Wis>Kk).

FR 5 evaporator performance is presented in [14], investi- 1) Evaporator model:The refrigerant enters the evapo-
gating compact micro channel heat exchangers which difféator in a two-phase state and exits close to the two-phase
from the current study while [15] provides experimental and@por boundary. However, the presence of the accumulator
model-based comparison of evaporators for an applicatidrces the suction conditions to be on the two-phase vapor
similar to ours. While these references provide valuableoundary and here we consider the two as a single unit.
information about either isolated or system-wide behaviofhe accumulator is assumed to be adiabatic and introduces
of a heat pump, none provide a comprehensive study of tiegligible pressure loss. In order to eliminate the spatial
existence of multiple steady state solutions of this nonlinegtependence in (1) we integrate the mass and energy balance

system. equation over the length of the refrigerant tube and use the
In the following sections, we develop frogrst principles ~Leibniz rule giving

a control oriented dynamic model of the heat exchangers g l o

which identges bifurcation phenomena in the evaporator D g} . po s @ 3 (2

dynamics. These multiple steady states are presented, both o 9w 3

as they exist in the system level. Sequentially, the Jacobian p9 =~ Q. poko [bsks @ T
is evaluated as a means to assess the branch stability of gw 3

the bifurcation diagram. Experimental data is provided to

Uo
verify the steady-state and dynamic model response. ~ WhereT @ 5 G A¥ W g}=If we assume that the
pressure drop in the evaporator can be nqglected the two

Il. SYSTEM MODEL [jtegrals that need to be evaluated in (2) agoe g} and

) ) ) 30 kg} . The enthalpy can be represented as a linear
The model developed here is gafent to describe the bi- fynction of the quality{, and usingp @ p . Poand

furcation behavior while simple enough for control system @Y we get the relationship @ 44 o
analysis and design. We acknowledge that other modelliRghere the void fraction (volume fraction) is @ %\L and
techniques (i.e. full order PDE's or lumped order meay, s the volume of the vapor. Similarly we can write
temperature approaches) provide a more accurate systgng ky.+4 , Kk=Finally note that we can write
representation while challenging the analytic insight intgne vqu¥ne or void fraction as

these physics. The heat exchangers are of primary focus

followed by the compressor statics, while the model for the @ { @ +H, 3)

. . . . . oy
isenthalpic expansion device is left out for brevity and can ’ e . )
be found in various references ([3] for example). In thé/otivated by the above considerations we substitut@

following sections we present conservation equations andy - ¥4 » cand k @ ky.+4 , Kkointo (2)
subsequent model assumptions that are needed to derivi® &IVe

s',|mpll¢',ed_ quel fo_r analysis and control purposes. As.a YL 4 T, @ Mg Mo

Jrst step in simplifying the two balance equations to obtain g 9 B

ordinary differential equations we eliminate the spatial gw® yKy-+4 7 Ko S, @ PgKg Mowkew. T

dependence in the equations for the evaporator and dBfRere we denote the inle (@ 3 and outlet ] @ O)
goo!er. D#e. tg the .d'ﬁerﬁlné refngergnt state Iln the Qo dition aslq agd rxw, and the average void fraction is
evices their derivation will be treated separately. degned as- @% 3o _4}, g} We note that it follows from
(3) that is a function of the quality{ and evaporator
pressures (through > ). Furthermore, since the pressure
s is assumed independent pfthe spatial dependence of
Assuming that momentum dynamics are outside of the comes througH= In general, determining the functional

bandwidth of interest, mass, and energy balances of onfierm of the dependence ¢fon} is a dif;cult problem that

A. Fundamental equations for refrigeradow in a heat
exchanger



can be solved in special cases under simplifying assumphereW, and W are the temperatures of the in and out
tions about the dependence of the heat transfer coait Aows, repetitively,y is the airAow rate andP 4>ty are
on {= Rather than relying on these simplifying assumptionthe mass and spegg heat of air.

we treat as a general function of ands and note, in _ 2) Gas coole& Twodelinﬁranscriticall systems the refrig- |
icular, that- is a function of the inlet quality ; and erant enters and leaves the gas coolerin a vapor state. Fol-
particular, q Iq lowing a similar (but simpler) approach as in the previous

the pressure=Later we use an accepted functional form forsection we arrive at the equations:
the evaporator heat transfer and calibrate it to experimental

vy Silg 3P 7
data._ ~ cw p:|q p rxw: (7)
USIﬂg k|q @{|q ky .+4 i {|q y ko and erW @ky, after Yagv_\l k3 Yg_iv ' P g qu 3P nw Koew N T

multiplying the ¢rst equation byk, and subtracting from U
the second equation, we can rewrite the above equations ggere — @ % 30 g} andk @ %J,qu . Knw, are the

Yo E ynE37 o' pig3P rxw "average" density and enthalpy, respectiv@lys the length
YLE kynEr3~ Ko3S 3k YLE nE3” of the gas ci)oler refrigerant tube ahrc_l@DO. _

' 3pig E*3{iq Eky3kon T Choosing™ and k as the state variables and using the

) ) ) fact thats is a function of >k gives
It turns out that a convenient intermediate set of state

variables iss and{q . Indeed, since ,> >k andk, are YL, @ pig Pow (8)
all function of s only and— is a function of ands we - cC K T C - =
have d t Y C_ES ggW Y Kk C_E g_w @ p"ik'q
Prawkow . T
Quaiy- Gasigi ©@ Py Do If ke the additional tion th thW rXWt ient
m n mption n ransien
q54g_\sN. q55919'ﬁ,— @ g4 {ig.tky Ko. T we make the additional assumption that energy transients

are much slower than density transients we arrive at the
where g, are functions of{ |; and s=We next note that equation
usually the dynamics of the mass balance are much faster

_ C K = i
than the energy dynamics. This implies that we can assume Y G @ D kg k.T 9)
that theAow is quasistatic, i.ebg  Prw @ 3and since kow @ % kg
“@ ,.+4 7, ,isafunction ofs and{,, we getfrom _ _
the ¢rst equation in (2) (after some algebra) Similar to the evaporator, the input power sgéisT @
N - Y W, W where the wall temperature is given
gs y o Cliq_ Hig — _
w@ e T _c,, ¢ Fe D, 0% @ T. 4GOW W  (10)
Cs ° ' Cs * y 0 Cs . .
This ai Finally, to complete the gas cooler model we add a equation
is gives for the energy dynamics on the water side of the gas cooler
YV"S>{qu£g'{'J‘@ Fb+4 {qu"'ky ko,- T _
) C{Iq o . X P zd 1:szd % @ mzd 1Eszd "W W: deO W V\é
whereb is the Aowrate in the evaporator and+s>{q, is gw (11)

an easily calculated function sfand{ ;; =Finally using the
relationship4  {q @H%_ and degning the evaporator
enthalpy difference a8 k @k, kiq we equivalently have

wherefs;q is the spegc heat for waterP ,4 and g
are the mass of water and maksv rate, respectivelyy is
the temperature of the wat@owing into the gas cooler and
hg;—\; @ p7k. T (4) W is the average water temperature in the gas cooler. We
s L ¢nally observe that usually the time constant for the energy
where the evaporator energy "ime constant” IZLI® o ation for the refrigerant is an order of magnitude faster

YVisyy, C : ; : .
h@ S —cgq - We note that numerical calculations han, the time constants for the energy equations for the gas
show that , can be approximated by a constant value fogqqer wall and water dynamics. Consequently, in order to

gll vaIue; of the inlet quality and evaporator pressures %fimplify the system of equations as much as possible and
interest in the present SFUdY- o only retain dynamics that play a role in the performance of

The wall temperature is modeled by the sirgpll energy  ihe control of the heat pump we replace (9) with the steady
equation state equation

Fe ;D050 @ T. GO W, (5 5 kg K.Y W wW@3 (12
whereW is the air temperature on the other side of the hegy, summary,

exchanger wall. The input powé'r can be written a3 @ cooler are (10) and (11) where the refrigerant gatis

_ _ 4 -0 .
GO™#¥ W where™ @5 5 +, 0} is average heat g geqdy state energy equation (12) where the refrigerant
transfer coefcient. Finally, the lumped energy equation fortemperatureNis a function of the average enthalgyand

the air-side dynamics is pressures (usually the dependence anis weak and we
=) dfsdggWWL @phifss Wi W, 4G4qOW W, (6) can assume thatV @ % wherefg; is the spegc heat

the simplied dynamic equations for the gas



for the refrigerant). Finally, the enthalpy of the refrigeranbf the dynamics directly coupled to it, i.e. the gas cooler
output iskpw @ X Kiq . dynamics (16) and (17). Recall that the primary function
of the heat pump controller is to regulate the outlet water
B. Compressor Model temperaturély, by actuating the watefow ratefo, . As
Generally, the compressor models for reciprocating comwe will discuss in Section I11.2.a the water side heat transfer
pressor utilized in vapor compression systems are basggef;cient ( iz ) is primarily a function of the wateAow
on the properties of a polytropic process [16]. For theatefh, and we can assume thag, @nj; b, for some
time scales of interest, we neglect momenturugnces, constantn;; =Using this observation and letting @ ph

and to further simplify the structure of the equations weo emphasize the controls nature bt we get a bilinear
also neglect thermal losses to the environment. With thesgstem in control:

assumptions, we obtain the following equations

% . _ &
D@ g 3Y @ eow e A W
Ks Iv hg @ Kpwsivhg  Kig s gw Vr Elzzr— 3%0;5;— Wr .
0
wg @ H 1S, ISP f P E(kin € kn
nx fsz W n jz
y @ +4.F GS,, a Y f

where p:i is the Aow rate, S, is the pressure ratiod Experimental evidence of the heat pump instability mani-
andY are constant rotational speed and chamber volumtgsts itself as discrete changes in the gas cooler capacity that
whq @nd , are isentropic and volumetric giencies, |,  can only be explained on the basis of abrupt changes in the
andkjq are the suction density and enthalpy, whilgusvng  input term w (the inlet water temperatungy
and Kk; is isentropic enthalpy and compressor enthalpghanges slowly and can be assumed constant). Indeed, in the
head, and=>G>H>landJ are constants. experimental system the controlis a bounded function of
outlet water temperatuMy, and the closed loop gas cooler
system is asymptotically stable. This observation suggests
In this section we investigate the structural form of thehat the source of the instability may be in the compressor
controlled heat pump thermal dynamics. Analysis of ther evaporator components k;>7 k,) and motivates the
gas cooler dynamics motivates a study of the continuitjurther investigation of the compressor and evaporator en-
of solutions in the energy equations of the compress@rgy dynamics as a function of refrigerafow and other
and evaporator. Steady state analysis is performed on tgstem variables.
polytropic relations of the compressor as well as dynamic 1y Continuity of Compressor Energy Transfessing the
equations of the evaporator to provide this information. compressor relation (13), and suction properties residing on
We consider the time const_ants of gas thermodynamigge two-phase to vapor saturation boundary, we develop
(i >a) as orders of magnitude shorter than those Ghe thermal iduence of the compressor on the system.
metallic walls in the heat exchangers, liquid water i suction properties may be determined by one variable
the gas cooler, resulting in a reduced-order perturbatiqpe, q @isg, >k @idsg, > @idsg,). On the
of the lumped-order dynamic equations for the two heaither hand, the exit conditions are in vapor space forming

I1l. CONTROL-ORIENTED MODEL ANALYSIS

exchangers: a dependence on two physical properties. Using these
considerations, and by multiplying the compresgaid
hi % " 3pi€knn T Wz 3 W (14)  Aow by the enthalpy change we obtain:
e S0 3TH W 3Wi n BN 3 W (15) w .- e
e BN SW np Ekneky (e M K @ s, (48, St Sue
zr % ' 3pzfsz BN 3 W 3 ; BN, 3 W, (17)

where ¢ @3$Y ) as rotation speed and chamber volume are
where the thermodynamic variables are: thermal timeonstant. The differentiation of this equation to investigate
constant (), enthalpy k), temperature ), the constant inAection is omitted as it is intuitive that for well behaved
geometric properties are included in the heat transfgr ( inlet conditions (from the accumulator), the enthalpy head is
mass Aow (), specic heat {s), with subscriptshi = always increasing with increasing pressure ratio. Therefore
evaporatoduid, hz =evaporator wallji =gas cooleuid, we conclude that for realistic operating conditions, the
jz =gas cooler walldl =air inlet, dr =air outlet,zl =water energyAow conditions of the compressor are single valued.
inlet, zr =water outlet, and @m- 2) Continuity of Evaporator Energy Transfeffo inves-
The entire system is coupled by means of thermodynamiigjate the continuity of energy transfer in the evaporator, we
conditions at the boundaries of each element as well asalyze the steady state solutions of (14) and (15). This
the mass transport of th&uid (d; ). We are aware that results in the characteristic equation in the form:
the instability of concern is observed in the control system,
so we begin by focusing our investigation on the structure oi 7kn.+pi7kn. Wy Wy, @3 (19)



We notice that this characteristic equation depends on mainythe form:

parameters including the heat transfer goednt, and this - n dvp:'

contribution is discussed below. Th @nyvawP i - 7 K %
a) Heat Transfer Correlations:The geometric heat yovdw

transfer coefcients ™, nd, j. impact the transfer of The simplied form for theHTC (equation 21) is compared

heat between the heat exchanger wall Aol (evaporator by inserting our parameters into the complex relation in [15]

refrigerant, evaporator air, and water respectfully). It isn (Figure 2).

(21)

commonly considered that the single phase heat transfer C“PE”SD"”DE“““ﬂﬁ“ﬂg Hre
. . . . 2 o Detailed Correlation
coef;cient HTC) is primarily dependent on magew, and IR e

in most cases this is linear within an operating range. While
this assumption is usually a good approximation for a one
phaseAow (i.e. in png, jz ), iN two phaseAow other
dependencies are introduced. In particular, the heat transfer
coef;cient is a strong function of the state of the refrigerant
and that dependence isAected in a large difference in
heat transfer in the liquid and vapor regions. Numerous
studies have been performed to determine this dependence
for many different refrigerants ([15] and [14] for example).
Though the unsteadiness produces noisy information, it is

understood that thelTC is increasing withAuid Aow and b) Multiple Steady-State Solutions of the Evaporator:
dependent on the inlet vapor quality)( Returning to the characteristic equation for the steady state

For this study, we provide mogid version of the solutions of the evaporator, we include the evaporative heat

Bennet-Chen correlation from a recent reference [15], whidiansfer correlation and observe a structure indicative of
uses a evaporator design similar to our prototype. Thigultiple solutions. Substituting equation 21 into 19 we
Study ident&es aHTC correlation dependent on Reyno|d30btain the Complete form of the characteristic equation as:
and Prandlt Numbers and essentially all other pertideit

Heat Transfer Coefficient

I
=

Refrigerant Flow Low Quality

Fig. 2. Evaporator HTC, Complex and Reduced

A ) A . i Noyvdw p:i 6 n X 5
properties to provide nucleatic and convective terms. Using Ko, ~ © KN+ T T Wi, 7Kg
this complex correlation we perform sensitivity analysis and i nyvdwp:i 7kni - NypawtWi Wi, @3

¢nd the primary iduences are indeed refrigerant massv R

and inlet quality. Therefore, for control-oriented analysis, The design iAuences , Nyvaw, andneyvaw (heat transfer,
we ¢t a function to the data produced by this correlatior@nd air Aow rate contributions), the disturbance va:riable
to develop an averaged evaporator refrigetdiC in the (W), and control dependent operating conditiops ,

form: kﬁy"o\,dW W effect the solution locus for the heat gained
o - - - from the evaporatorp(; 7 kni ). Using a constant distur-
i @ ovaw Pi - #Hig, yvaw Pi ovdw P i bance \M) and by varying the operating variables i(,

where ovaw P and yyaw P are theHTCs for the single Kgovaw @ | Wi ,, Wi ), we obtain a solution diagram for
phase liquid and vapor as linear functionsioid Aow, and  the evaporator statef (ky; ) which bifurcates between one
{iq is the quality at the inlet to the evaporator. The functiofolution to multiple solutions, and the branch between
#4|q, satiges the constraints +3, @ 3 #+4, @ 4based these turr_ung points is unstgble. Since the chang_e in
In fact, for the analysis that follows we will assume thaff0m the environment, it is important to understand that

#Hq, @4 +4 {q.° This gives there exists_, two solutionsone vyith alot. of free energy
- 5 _ _ and one with little. The result is also insightful because
“hi @ yaw Pi 4 {ig,T ovaw P yvdw P i the two independent parameters are both affected by the

control system. Therefore, methods to avoid this branching
relationshipd  {; @ K i ki where Kyovaw @ Kyvaw behavior may be achieved by an insightful control design.

Kovawand recalling that, under the assumptions imposed byMmilar studies can be performed to see how the turning
the by the presence of the accumulator (Section i) waoints are effected by design parameters including the air-

have madekyvaw @ knw We see that™ is a function of Side heat transfer cagdient and airfow.
the evaporator enthalpy increagekn @ Kyvaw  Kig . In
particular, we have

Note that if we approximatg; with the steady state

IV. VALIDATION AND DYNAMIC ANALYSIS

- . For brevity, and to protect the propriety of the product,
W@ yaw P 7Ky P »®L o 00)  we present only limited validation data. Seventy-Seven
youaw normalized steady state experimental points, and a tempo-
The single phaskITC's are linearized while retaining the ral dynamic response are compared to model results and
notion that theHTC goes to zero with zerdow resulting presented in Figure 3.




We note that the steady-state comparison to data m

and their controllability as well as the region of attraction

not be accurate enough for detailed component design, mftthe upper branch of the diagram.

captures information pertinent to control analysis. It shoul

also be noted that the free parameters of the components

which couple the two dynamic heat exchangers were ide
ticed for the dynamic validation (i.e. the heat pump wa
simulated as a closed loop cycle).

Fig. 3. Steady and Dynamic Validation

As a means to understand the stability of coupled system,
we calculate the Jacobian at its steady state equilibriums ang,
There are many choices
of parameter studies that can be performed to investigate,
performance under a) design parameter changes, b) distur-

evaluate its stability properties.

bance variables, and c¢) actuation through control. Her
as we wish to understand how this system behaves wi

control, the evaluation has been performed parametrically

as a function of the water magew control variable. The
¢xed points for the evaporator enthalpy increas&y), and
their stability properties are presented in Figure 4.

Stable and Unstable Solutions of Evaporator

High Enthalpy Change vs. Control Parameter

]

= Unstable Sols
Stable Sols

ah,

[2]

High
Water Mass Flow [mw]

Fig. 4. Stability Properties vs. Control

From information included in this analysis, we ascertain™

that the bifurcation point (B) is non-hyperbolic which
motivates a supercritical saddle node bifurcation. With thi

information, the control objective is to either a) use control™®

to modify the bifurcation point (B), or b) use control to

d V. CONCLUSION

n- In this study, we sought to investigate bistable phenomena
§ a transcritical heat pump. Upon developing dynamic
models, it is clear that the evaporator plays a key role
due to its state dependent heat transfer gmeht. From

a control theoretic standpoint the gas cooler dynamics,
which are bilinear multiplicative in state and control are
an inner loop of the closed loop plant dynamics with the
evaporator providing nonlinear multiple solution feedback.
If timescale separation applies to the forward and feedback
paths, rudimentary nonlinear studies can be performed to
assess the effectiveness of nonlin@ater loop control
techniques. However, intuitively it is not obvious that this
time scale separation is applicable, leaving an interesting
problem applicable to the marketability of an actual product.
Future efforts will assess the bifurcation point, its branches,
and control means to modify them.
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guarantee that the operating point of the system stays within
the region of attraction of the highest branch of the diagram

(point [1] for example). Future efforts will be focused on
realizing the low-order dynamic of tHafurcation point(B)



