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A single animal group can display different types of collective
motion at different times. For a one-dimensional individual-based

model of self-organizing group formation, we show that repeated
switching between distinct ordered collective states can occur
entirely because of stochastic effects. We introduce a framework

for the coarse-grained, computer-assisted analysis of such stochas-
ticity-induced switching in animal groups. This involves the char-
acterization of the behavior of the system with a single dynami-
cally meaningful ‘“coarse observable” whose dynamics are
described by an effective Fokker—Planck equation. A “lifting”

procedure is presented, which enables ef cient estimation of the
necessary macroscopic quantities for this description through short
bursts of appropriately initialized computations. This leads to the
construction of an effective potential, which is used to locate
metastable collective states, and their parametric dependence, as
well as estimate mean switching times.

coarse-graining individual-based model
self-organization

equation-free
schooling

FISh, birds, and honey bees, as well as many other animal
groups, display collective types of motion suchas schooling,
flocking, and swaming (1, 2). A singleanimal group candisplay
different types of collective motion at different times, with 1
dayof residencetime in eachstate (3). Although suchtransitions
could be due to changing behavioral rules or environmental
factors, they also can occur entirely due to stochasticeffects, as
will be demonstrated for the model considered in this paper.

One classof biologically motivated, individual-basedmodels
for group for mation, frequently usedfor schoolingfish, abstracts
animal behavor by placing zones around individuals in which
they respond to others through repulsion, alignment, and/or
attraction (4-11). In the three-dimensional model of Couzin et
al. (10), long-time steady-sate computations revealed four
different types of stable collective motion in different parameter
regions: swam, torus, dynamic parallel, and highly parallel. It
wasalso shownthat by changingthe quantitative features of the
behavioral rules (increasing or decreasingthe radius of align-
ment), the collective state of the school could be changed.

In ref. 10, stochasticiy is incorporated by adding a small
deviation to the heading of eachindividual obtained from the
deterministic evolution algorithm. Our simulations showthat if
one instead considersrelatively rare but substantial variations,
namely that there is a small probability of each individual
changingits direction substntially from that obtained from the
deterministic algorithm, then for certain parameter regions
multiple successivetransitions between the torus and the dy-
namic parallel state can occur. Seesupporting infor mation (SI)
Fig. 7.

In this paper, we study a one-dimensional individual-based
model for group for mation with stochasticity included along the
lines of the variation described above. This system exhibits
repeated stochasticity-induced switching between distinct or-
dered collective motion states. This switching appearssimilar in
nature but is, as we will show, different in detail, from results
obtained by usingother models.In thosecases, collective motion
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transitions between “symmetry-related” states [e.g., between
clockwise and counterclockwise motions for marching locusts
constrained to a ring (12), or the “alternating flock” in refs. 13
and 14], stochasticallydriven transitions between ordered and
disorderedstatesmediatedby clustering (15), mixed-phasestates
at phasetransition boundaries (16), or transitions that do not
occur repeatedly (17) were observed.

Individual-basedmodelsare often usedin the study of animal
groups becausethey can incorporate biologically realistic be-
havioral responses and social interactions that might be discon-
tinuous (e.g., characterized by thresholds or if/then rules) or
stochasticin nature; they also can support complex network
topologies, allow for individual variability, and enable the study
of the relationship between adaptive individual behavior and
emergent properties (18, 19). Most analysisof individual-based
models, however, relies on long-time simulations, which can be
extremely costly and difficult to interpret and analyze(2, 19). In
this paper, we introduce a framework for the coarse analysisof
stochasticity-induced switching betweencollective motion states
for individual-basedmodels.We characterizethe behavior of the
model with a single “coarseobservable,” A(t), a scalarvariable
that quantifies the global structure of the school. We show
computational evidence to support that A(t) parameterizes a
one-dimensional, attracting, invariant “slow manifold,” which
characterizes the long-term dynamicsof the system.This sug-
geststhat we can use an effective Fokker—Planck (FP) equation
to describe the dynamicsof the probability distribution P(A),
whose drift and diffusion coefficients are determined by the
short-time evolution of the first two moments of A. We locally
estimate these coefficients by developinga “lif ting” procedure,
which enables the initialization of brief bursts of simulations of
the individual-based model at a given value of A (20). This
framework allows usto construct an effective potential, thereby
enabling coarsebifurcation analysisand estimation of the mean
residencetimesin eachstate, without having to rely on compu-
tationally expensive‘long-time” equilibrium simulations of the
individual-basedmodel.

Results
Model. N agentswith positionsc;(t) and unit directions v(t) 1,
i 1,...,N, moveon the line with constant speeds. Time is

partitioned into steps of size units, corresponding to finite
responsetime of the agents.At the beginning of every time step,
each agent instantly updates its direction by considering the
positions and directions of agentssurrounding it in three non-
overlapping zones (see Fig. 1): the zone of repulsion Z(t)
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Fig.1. Nonoverlapping behavioral zones for the model: zone of repulsion Z,
zone of orientation Z,, and zone of attraction Z,.

(ci(t) r,c(t) r), thezoneof orientation Zo(t)  (ci(t) o,
ci(t) ro) Ze(t), andthe zoneof attraction Za(t)  (ci(t)  ra ci(t)

ra) (Ze(t)  Zo(1)), wherer, isthe radius of repulsion, r, is the
radius of orientation, andr, is the radius of attraction. We define

o o rrand ra ra o Thesezonesare usedto define
rules that are abstractionsof the behavioral tendencies seenin
animal groupsin nature, the first beingthat animalstend to repel
awayfrom those that are too close,and the semnd that if they
are not sorepelled, they tend to align with and feel an attraction
toward their neighbors (21, 22). Specifically, if agents can be
found within an individual i’'s zone of repulsion, then it orients
its direction awayfrom the averagerelative directions of those
within its zone of repulsion. The desired direction of agenti is
then given by

¢ G t ct [1]
7 P E—
' gt z,t Gt Gt

!
If individual i does not find agentswithin its zone of repulsion,
it orients its direction toward an equally weighted combination
of the averageorientations of itself and those within its zone of
orientation, o;(t), and the averagerelative directions of those
within its zone of attraction, a;(t). The desired direction of agent
i is then given by

Vi t O; t q t y [2]

ot vt vyt owt vt o,

Gt Zot Gt Zgt
gt ot gt ot

Gt Gt Gt ot
Gt Zat

at
Gt Zat

If vt )

previous time step, so that vi(t )
desired direction v;(t

0, the agent maintains its direction from the
Vvi(t). Otherwise, the
) of agenti is normalized as

v t
v, t 3 Vit , vt 0. [3]
Stochasticity is added so that eachagent changes the sign of its
desired direction with probability p. Each agent’s position is
updated according to
Gt ct sut . [4]

To beginasimulation, N individuals are placedrandomly on the
interval[ N/4,N/4] with random directions, chosensothat each
agentinitially interacts with at least one other agent.

We obserwe that the model can display two metastable
cohesive collective states, which we call “stationary” and “mo-
bile.” In the stationary state, the individual dynamicsare driven
by repulsion. The school remains approximately stationary in
time, with neighboring agentstypically having opposite direc-
tions, and eachagenttypically changingits direction at eachtime
step to avoid neighbors to its right or left. We interpret this
ordered stationary state asa one-dimensionalanalogof circular
milling behavior. In the mobile state, the individual dynamicsare
driven by orientation and attraction, and the school coherently
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Fig. 2. Positions of N 100 agents for a 10* step run, with parameters s
0.75, 01, r 1, ro 06, ra 1,p 0.001, blue (resp., red) indicates
motion of an agent in the positive (resp., negative) direction. The black line
shows the corresponding time series plot of the coarse observable A(t).

travels in the positive or negative direction. This is (one-
dimensional) parallel motion. For certain values of the param-
eterswefind “stick/slip behavor,” in which the schoolalternates
at apparently random times between the stationary and mobile
states; such transitions arise from random fluctuations in the
directions of individuals becauseof the stochasticity of the model
(seeFig. 2). In what follows, we focus primarily on parameters
for which both the stationary and mobile states are metastable.

CoarseObservable. Through simulationswe are led to hypothesize
that the dynamicsof this model can be suitably characterizedby
a single coarse observable

N
min c; t cit, [5]

i ]
|1ji

At L
N

the averagenearest neighbor distance. This variable has been
usedin fish schoolingmodelsasa measureof the global structure
of the school(6). A(t) candistinguishbetweenthe stationary and
mobile states as long as the school is not fragmented into
subgoups displaying different collective dynamics. When the
systemis in the stationary state, typically A(t)  r; (repulsion
driven), and when the systemis in the mobile state, typically

A(t) . (orientation and attraction driven; seeFig. 2).
Computational Observations. For our simulations,wefix N 100,
s 0.75, 0.14,rr 1, ro 1l,andp 0.001,andlet r,vary.

(For these parameters,when fragmentation into smaller, non-
interacting subschoolsoccurs, typically one subschoolis com-
posedof only a few agents,sothat A(t) remainsa good measure
of the collective state.) For eachvalueof r, studied, data were
taken from 100runslasting 10* steps.For r, sufficiently small,
the schoolremainsin the stationary state for the duration of our
simulation. As 1, is increasedto 0.14, the school exhibits
stick/slip behavior in which it transitions at apparently random
times between the stationary and mobile states. Transitions
betweenthese states typically begin with a stochasticchangein
direction of an agent at the edge of the school, which then
“propagates” through the rest of the school(cf. refs. 13and 14).
As an example,for r, 0.6,the mean residencetime for the
stationary state is 994 steps,and for the mobile state, 509 steps.
For r, 1.08,the schoolremainsin the mobile state for the
entire duration of our simulations.

Observing the steady-sate probability distributions for vari-
ousvalues of the parameter r,, shownin Fig. 3, one canseethe
signature of the transitions betweenthe stationary and mobile
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Fig. 3. Probability distribution functions (a) and effective potentials (b) for
100 trials with 10* steps per trial: N 100,r, 1, ro 1,s 0.75, 0.1,p
0.001, r, 0.6 (blue), ro, 1(red), and r, 1.1 (green).

states. The probability distribution peaksat approximately A
Wy re s, corresponding to the stationary state, and at
approximately A w», r, s, correspondingto the mobile
state, a distance 2s from the stationary state. This may be
rationalized by considering the dynamicsof the stationary state,
which is characterized by each agent typically changing its
direction at every single time step to avoid its neighbor to the
right or left, with A remaining nearly constant. Thus, one expects
the individuals to be spacedapproximately at alternating dis-
tances of d; and d, whered; rr,andd, d; 2s r.. When
the group exhibits a transition from the stationary to the mobile
state, the distanced, “propagates” throughout the schoolsothat
A d, in the mobile state.

In our simulationswe found that the locations of the peaksof
the stationary probability distribution depend somewhaton the
details of the initial positions of the agents.This is a straight-
forward consequenceof an important property of the model: in
determining the desired direction of a given agent at the next
time step, the only positional infor mation usedis which (if any)
zonethe other agentsare in. Thus, agentscan be moved slightly
without changingtheir zones and hencewith no changeto the
dynamics,but with a changeto the value of A. These “neutrally
stable” states have consequence for our lifting procedure
described in Methods

Probabilistic Description. We assumethat the systemdynamicsat
the macrosmpic level maybe suitably characterizedby our single
coarse variable A(t). We therefore consider describing the
evolution of the probability distribution function P(A) with an
effective FP equation (cf. refs. 23-25):

PAL VAPA i DAPA 6
t A 't A2 U 8]

where V(A) is the drift coefficient, and D(A)  0isthe diffusion
coefficient (26—28). These terms are related to the short-time
evolution of the first two moments of A as

At A, 1

2t A
t tO,DAO

2 ¢, W

t 0

V Ao
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where A(t; Ag) denotes a trajectory initialized at Ap att O,
angular brackets denote ensemble averaging over different
realizations of the trajectory, and 2 denotes the variance of A
for suchan ensemble.SeeSI Appendixfor a detailed derivation.
The FP equation is equivalent to the It6 stochasticdifferential
equation

dA VAdt 2D Adw, [8]

with W(t) a Wiener process(26). In the limit D(A) 0, Eq. 8
describes the deterministic motion of A subjectto the “effective
potential” U(A) A V(A )dA const In general, an
effective potential (A) can be obtained from the stationary
probability distribution function PgA), which satisfiesthe steady
state ( / t 0) FP equation. Defining

P.A  exp A [9]

it follows that (A) satisfies (23)

A logh A " VA dA t 10
og D A cons [10]
When D(A) const, this correspondsto Brownian motion of A

subjectto an effective potential proportional to U(A).

Effective Potential from Long-Time Simulations. We first construct
the effective potential by obtaining a stationary probability
distribution function directly from an ensemble of long-time
simulationsand by usingEq. 9 to compute the effective potential
as (A) log(PsA)) const Anensembleof 100simulations
of 10* stepseachwasperfor med for awide rangeof values of the
parameter ro. The probability distributions and corresponding
effective potentials for three characteristic values of r, are
shownin Fig. 3. To studythe dependenceof the behavior of the
systemon parameters,the critical points of the effective poten-
tial were followed as r, wasvaried. This is a useful practical
analog of deterministic bifurcation diagrams for this stochastic
case.The minima of the effective potential correspondto points
on the stable branch of the bifurcation diagram and the maxima
correspondto points on the unstablebranch.(In determining the
maxima, we perform a quadratic fit of the effective potential
betweenthe two prominent wells. This filters out spurioussmall
minima and maxima, which can arise becauseof fragmentation
of the school.) The bifurcation diagram is shownin Fig. 4. Two
saddlenode bifurcations are found at approximately r, 0.14
and r, 1.09,andthe systemappearsbistable for valuesof r,
between these values.

We also construct the effective potential by using ensembles
of long-time simulationsasa database Here A isdiscretizedover
agrid of valuesthat appearin the databaseA; 0.88 mk,m
0.005(meshsize),k 0,1,...,42for r, 0.6.Then,for each
Ao overthe grid, V(Ao) and D(Ag) are approximated by using Eq.
7 as follows. Every appearanceof Ag (within a certain error
tolerance) aswell asits subsequentvalues over a short fixed time
interval of lengtht 10 stepsare saved.The ensemblemean
A(t; Ag) andvariance 2(t; Ag) are then computed by averaging
over these short trajectories. V(Ao) (resp., D(Ag)) are then
estimatedbytaking the slopeof the linear regressionof A(t; Ag)
(resp., At;Ag)). Finally, (A) is estimated by numerically
approximating the integral in Eq. 10.

Resultsare shownfor both methodsfor r, 0.6in Fig.5.The
effective potential obtained by usingthe semnd approachagrees
quite well with that obtained by using the first approach, which
confirms that A is a good dynamic observable. These methods,
however,do not offer anycomputational savingsbecausewne had
to compile data from sufficiently extensivetemporal simulations
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Fig. 4. Coarse bifurcation diagram showing the critical points of the effec-

tive potential as r, is varied. The minima of the effective potential corre-
spond to the stable branch (black) and the maxima correspond to the unstable
branch (gray). Dots (resp., ) show critical points of the long-time (resp.,
short-time) simulation estimate of the effective potential. In both cases,the
unstable solutions were located by performing a quadratic t of the data
between the two wells and then locating the maxima of the t.

(an “equilibrium run”), which take 10 h for 100 trials of 10*
stepseachrunning with Matlab (MathWorks, Natick, MA) on a
standard workstation.

Effective Potential from Short-Time Simulations. Recently, Kevreki-
dis et al. (20) developed an “equation-free” computational
framework for extracting population-level infor mation from
individual-based models; the term “equation-free” arises be-
causethe population-level equations are not explicitly known
(20). The approachrelieson the assumptionthat the systemstate
variables can be separatedinto a subsetof fast variables and a
low-dimensional subsetof slow or coarsevariables (in our case
A), which parameterizean attracting invariant slow manifold. If
a simulation is appropriately initialized at a prescribedvalue Ao,
then after a short time, once all of the fast variables have
equilibriated, one will in effect samplethe slow manifold at Ao.
This framework can be usedto estimate on demand (without
long-time simulation) the drift and diffusion terms in the
effective FP equation (24, 25).

The drift and diffusion coefficients were estimated by per-
forming an ensembleof 10° simulationsfor eachAqinitialized by
usingthe lifting procedure describedin Methods A linear fit of
the data wasperformed after waiting a short “healing” time of

! ! ! ! ! ! ! ! ! ! !

0.88 0.9 0.920.940.960.98 1 1.021.041.061.08 1.1

Fig.5. Comparison of effective potentials for N 100,r, 1, r, 0.6, ra
1,s 0.75, 0.1,and p  0.001. Black line, (A) log(Ps(A)) where PyA)
was obtained from 100 trials with 104 steps per trial. Redline, Eq.10 with drift
and diffusion terms estimated from the same database. Blue line, Eq. 10 with
drift and diffusion terms estimated by using the lifting procedure to initialize
ensembles of short trajectories with the same Ao.
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Fig. 6. Sample trajectories initialized using the lifting procedure approach-
ing an apparent slow manifold parameterized by A. Trajectories (gray) evolve
for 15 stepswith arrows showing the direction of increasing time. Black dots
represent a numerical approximation of the slow manifold in the (A, S plane.
Data were taken from an ensemble of ve 10%step simulations after steady
state was reached (103 steps) for r, 0.6

15 steps. The local drift and diffusion terms and the resulting
effective potential, obtained by usingthe designedinitializations,
arein good agreementwith thoseobtained by averagingmultiple
long-time simulations (see Figs. 4 and 5) and require approxi-
mately a factor of 5 lesscomputation.

The construction of an effective potential from short-time
simulationsusingthe lifting procedure alsoallowsoneto predict
mean residencetimes using the Kramers formula (26) without
having to observe the averagetime spentin eachcollective state
from ensembles of long-time simulations. We find that such
predictions are reasonablyaccurate: for example,for r, 0.6
the mean residence time predictions are 1,537 steps for the
stationary state and 424 stepsfor the mobile state.

Discussion

The individual-basedmodel of self-organizing group formation
analyzedin this paper showsthat animal groups can repeatedly
switch betweenqualitatively dif ferent ordered collective motion
states entirely due to stochasticeffects.In particular, changesto
behavoral rules or the environment are not necessary for such
transitions to occur. Instead, such switching relies on the pres-
ence of at least two metastable collective motion states, and
stochasticity of appropriate typeand strengthto allow transitions
to occur. The use of effective potentials constructed from long-
as well as short-time simulations allows a powerful character-
ization of such switching.

Becausethe stochasticity that leadsto switching isimposedat
the level of individuals, this analysis suggests that random
decisionsby a small number of individuals can changean entire
population’s collective behavior, in particular when these indi-
vidualsare nearthe edgeof the school. The stochasticity-induced
switching discussedin this paper complements recent simula-
tions for a related model, which indicate that a small number of
infor med individuals can influence group dynamics(29). One
can imagine that a combination of these effects might also be
important: for example,asmallnumber of individuals might spot
a predator and quickly, randomly change their directions, an
“infor med stochasticity,” which leadsto a changein the entire
group’s motion, which could allow all individuals to escape(cf.
ref. 30).

Kolpas et al.



The framework developed in this paper provides a useful,
“equation-free” computer-assistedapproach to the analysisof
emergent phenomenain individual-based aggregation models.
Most analysisof individual-based models in the field of group
formation hasrelied on costly long-time simulations, which has
limited the number of individuals that can be simulated aswell
asthe types of analysisthat can be realistically performed (11).
Our approachallowsoneto achievea newlevel of understanding
and quantification of biological self-organization by bridging
individual-basedmodeling with coarsepopulation-level analysis.

Methods

The most challenging step of equation-free computation is
“lif ting”: the construction of one or more states “consistent
with” the prescribedvalue of the coarseobservable Ao. Because
of the neutrally stable states mentioned in Computational Ob-
sewrations to equilibrate to the desired slow manifold we must
take carewhenplacing agentsat a givenvalue of Ag. From these
computations, we found that the distribution of distances be-
tweenindividuals in the stick/slip state is bimodal, with peaksat
w; and w,. We use this infor mation in our lifting algorithm to
place individuals at a given Ag as follows.

1. Calculate proportions p; and p, of distancesw; and w, sothat
P1W1 P2W2 Ao. If Ao Wy, setw;  Ag and if Ao Wy, Set
Wy Ag.

2. Draw the appropriate proportion p; and p; of distancesto first
nearest neighborsfrom tight Gaussiandistributions centered
at wy and w,. Placethem randomly in the vector d;.
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3. Draw distances to semnd nearest neighbors from a tight
Gaussiandistribution centeredat w,. Placethem randomly in
the vector ds.

4. Start the first agent at some position c;. Place the semnd
agent at position c; ¢;  di(1). Place the third agent at
positioncz ¢y dy(1). Placethe fourth agentat position ¢,

cz di(2). Continue this processuntil N agentshavebeen
positioned.

5 Letv, 1, @i.

To validate this lifting procedure, we consider another coarse
variable

N

St vit ,

i1

1
N [11]

the group polarization, which has also been used in many fish
schoolingmodelsasa measureof schoolstructure (6, 10). When
S 1(resp.,S 0)the schoolisin the mobile (resp.,stationary)
state. Our lifting procedure initializes the population with S

1, and the time scale of approach to the slow manifold is
comparable whether A r,or Ag 1, (seeFig. 6). The quick
relaxation to the slow manifold for Ag  r, occurs becauserule
1 causes the agentsto try to immediately move awayfrom each
other.
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Figure 7: Repeated transitions between the torus state and the dynamic parallel state for a modi ed
version of the three-dimensional schooling model of Couzin et al. (12) with r, = 1, r, = 2, and

ra = 9. We modify (12) by considering rare but substantial variations in the headings of individuals
obtained from the deterministic algorithm. Speci cally, each agent changesthe sign of its desired direction
with probability p = 0:005, with the new direction chosen according to a spherically wrapped Gaussian
distribution with standard deviation = 5. (Thisdi ersfrom (12) for which p= 1and = :05, so that
all agents modify their direction at each timestep with small variation.) Two coarse variables measure
the collective behavior (12): (dashed) R(t) = angular momentum, (solid) S(t) = group polarization; both
are normalized so that they reach their maximum value at 1 and minimum at 0.



App endix: Deriv ation of the Fokker-Planc k Equation

Let fX (1) :t, Og be a one-dimensionalstochastic processwith t; > t; > t3. WeuseP (X 1;t1;X2;t5)
to denote the joint probability distribution, i.e., the probability that X (t;) = X3 and X (t2) = X, and
P(Xq1;t1j X2;t2) to denote the conditional (or transition) probability distribution, i.e., the probability that
X (t1) = X1 giventhat X (tz) = Xg, dened as P(X1;t1;X2;t2) = P(Xq1;t1 | X2;t2)P(X2;t2). We will
assumeX (t) is a Markov process,namely,

P(X1;t1] Xait2; X35t3) = P(X 151 ] X2;t2): (1]
For any cortinuous state Markov process,the following Chapman-Kolmogoros equation is satis ed (1, 2):
z
P(Xl;tle3;t3): P(Xl;tljXz;tz)P(Xz;tsz3;t3)dX2: [2]

In the following, we will alsoassumeX (t) is time homogeneous:
P(X1ti+ 5 X5tz + 5) = P(X1;t1; X2;t2); 3]

sothat X isinvariant with respect to a shift in time. For simplicity of notation, we useP (X 1;t1j t2] X2)~
P(Xl;tlj Xz;tz).

We will now outline the derivation of the Fokker-Planck equation, a partial di®ererial equation for the
time ewlution of the transition probability density function. This closely follows the derivation in ref. 3.
Consider Z,

h(r) E L gy, (4]
i @
where h(Y) is any smooth function with compact support. Writing
@MUX) o iy POt LX) i POV X), 5]
@ ¢tl 0 ¢t
and interchanging the limit with the integral, it follows that
Z 1 . Z 1 : . . 5
@MtiX) P(V;t+ ¢tjX)j P(YVitjX)" o
. h(Y) a dy = ¢I|tr!nO . h(Y) ! dy: [6]
Applying the Chapman-Kolmogoror identity (Eq. 2), the right hand side of Eq. 6 can be written as
. Z 1 Z 1 Z 1 5
lim — h(Y) P(Y;¢tjZ)P(Z;tjX)dzdY j h(Y)P(Y;tjX)dY : [7]
¢tt 0Ct i1 i1 i1

Interchanging the fimits of integration in the rst term of Eq. 7, letting Y ! Z in the secondterm, and
using the identit y ii P(Y;¢tjz)dY = 1, we have
"z Z,

P(Z;tjX)
i1

Jim = | P(Y;¢tjZ)(h(Y)i h(Z)dYdzZ : [8]

Taylor expanding h(Y) about Z gives

#
' Z, . Z, R - (Yi Z)"
lim — P(Z;itix)  P(Y;¢tjz) hW(@z)—L"Ldvydz : [9]
et oGt g i1 - n!
De ning the jump momerts as
1 1 4o
(n) - - . n . - .
D' (2) o ¢“tfn0¢t . (Y i 2)"P(Y;¢tjz)dy; [10]



it follows that z, Z,
@(Y;tjX)
h(Y)———=dY =
il @ il
Integrating ead term on the right side of Eq. 11 by parts n times and using the assumptionson h, after
moving terms to the left hand side, it follows that

A
‘e @@t * e
i1 @ @

*
P(z:tjX) DM (Z)h(M(z)dz: [11]

n=1

Tah i!

DM(Z)P(Z;tjX) dzZ=0: [12]
n=1

Now, becauseh is an arbitrary function, it is necessarythat

. M Tan i

Zitjx) R .

@EtiX) . @ b @PzitiX) [13]
@ @

We de ne the probability distribution function P (X;t) of X (t) asthe solution of Eq. 13 with initial condition

given by a +-distribution at X at t = 0. In this case,P(X;t) © P(X;tj Xg;0) and we may write Eq. 13 as

. Tan I
@xiny * " @'"h o
e & DM (X)P(X;t) ; [14]
with 1 1
DM (Xo) = = lim = HX(t+ ¢t)j X (1] ; [15]

nletr o¢t
which is commonly called the Kramers-Moyal expansion. Now, if we assumeD (" (X) = 0 for n > 2, then
we have the Fokker-Planck equation:

PED = Dvporeiu+ 2,

where, V(X) = D® (X) is the drift coetcient and D(X) ~ D®@ (X) > 0 is the di®usion coexcient, which
can be written as — ? -
@X (t; Xo)i = D(Xo) = 1@%(t; Xo) =

@ o 2 @

where angular brackets denote ensenble averaging, ¥# denotesthe variance of X , and X (t; X o) denotesa
realization with X (0) = Xo. Any stochastic processX (t) whose probability distribution function satis es
the Fokker-Planck equation is known mathematically as a di®usion process(1).

[D(X)P(X;1)]; [16]

V(Xo) = [17]
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