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Exact-output tracking theory for systems with parameter jumps
SANTOSH DEVASIAt, BRAD PADEN} and CARLO ROSSI§

We consider the exact output tracking problem for systems with parameter jumps.
Necessary and sufficient conditions are derived for the elimination of switching-
introduced output transient. Previous works have studied this problem by devel-
oping a regulator that maintains exact tracking through parameter jumps
(switches). Such techniques are, however, only applicable to minimum-phase sys-
tems. In contrast, our approach is applicable to non-minimum-phase systems and it
obtains bounded but possibly non-causal solutions. If the reference trajectories are
generated by an exosystem, then we develop an exact-tracking controller in a feed-
back form. As in standard regulator theory, we obtain a linear map from the states
of the exosystem to the desired system state which is defined via a matrix differ-
ential equation. The constant solution of this differential equation provides asymp-
totic tracking, and coincides with the feedback law used in standard regulator
theory. The obtained results are applied to a simple flexible manipulator with
jumps in the pay-load mass.

1. Introduction
We study the exact-output tracking of systems that are described by

¥(1) = AJk()]x() + B[k(t)]u(r)} 0
¥(1) = Clk(D)(1)

where x € R", with the same number of inputs as outputs u(?), v(¢) € R’. The system
matrices A(k), B(k) and C(k) are constant over the time intervals [;, where k belongs
to a finite index set o & [0,...,N], and the parameter change (switch) occurs at
times ¢ = ¢y, t5.....ty (see Fig. 1). Here, the switching times are known, in contrast
to systems where the switches may be signal-driven.

For constant linear systems, asymptotic output-tracking problems have received
much attention in the past. In particular, the regulator theory (Francis 1977, Basile
and Marro 1992, Wonham 1985) provides a general framework in which the asymp-
totic output tracking can be solved when the reference trajectory is generated
through a linear exosystem. In the presence of switches in the system, one technique
for achieving output regulation is to switch the regulator. Note that regulation can
be recovered between two consecutive switches (due to asymptotic properties), espe-
cially if the switching occurs far apart in time. However, this technique also tends to

induce transients in the output during the switches.
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Figure 1. The switching times.

In order to eliminate these switching-caused transients, a regulation scheme
that maintains exact trajectory tracking across system switches must be used. This
fairly new problem has been studied by Marro and Piazzi (1993) for minimum-
phase systems. In this work, a feedforward action is used in conjunction with the
feedback defined by the regulator to cancel the output transients across the
switches.

We propose an alternative approach for exact output-tracking of switched sys-
tems, which is also applicable to non-minimum-phase systems. In the non-minimum-
phase case, a bounded non-causal solution is obtained (Devasia et al. 1996) that
requires preknowledge of the reference trajectory and of all the switching times. Such
exact tracking schemes based on non-causal schemes is useful in problems like
aircraft guidance (Meyer et al. 1995, Hunt et al. 1996).

We present necessary and sufficient conditions for the solvability of the inversion
problem for linear systems with switches; the inverse is used to track the desired
output. We consider two kinds of desired output trajectory: a single pre-specified
trajectory, or one belonging to a class of outputs generated by a given linear exo-
system, that could undergo parameter changes as well. In this latter case, we obtain
the solution in a time-varying feedback form, where the feedback matrix satisfies a
matrix ordinary differential equation. The equilibrium solution of this differential
equation solves the asymptotic output tracking problem, and coincides with the
feedback matrix resulting from the standard regulator. This establishes an interesting
connection between our approach and the traditional regulator theory.

The paper is organized as follows: in §2 the exact tracking of a single prescribed
output trajectory is considered, and necessary and sufficient conditions are pre- .
sented. A geometric version of the obtained conditions is also provided. In §3 the
case of reference trajectory obtained through a linear exosystem will be treated. The
conditions of the previous section when rearranged establish a close relationship
with the traditional theory of output regulation. Section 4 focuses on the additional
problem of stability of the closed loop system. Finally, § 5 presents the application of
the developed theory to a simple non-minimum-phase switched system, given by a
flexible beam subjected to step variation of the pay-load mass. Conclusions end the

paper.

2. Tracking a prescribed output trajectory

Below we formulate the exact tracking problem for a prescribed output trajec-
tory, and establish necessary and sufficient conditions for its solvability. Geometric
interpretations of these conditions are also provided.
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2.1. The inversion problem

Given a desired output trajectory yq4, find a pair of state and input trajectories x4
and uy4 such that:

(a) x4 and wuq4 satisfy the system (1):
X(1) = Afk(0)]xa(1) + Blk(1)]ua (1), V€ (—00,00) (2)
(b) exact output tracking is achieved (even across switches):
ya(t) = Clk(1)]xq(2), Vi€ (—00,0)

(c) and the inputs and state are bounded:

[*a (Moo < 00

l#a ()l < 20

2.2. Using the inverse for exact-output tracking

The existence of an inverse (144, x4) implies that there are input-state trajectories
that yield the desired output; exact output tracking is easily achieved by stabilizing
the desired state trajectory. For example, use uy as feedforward and use the error
x — x4 for feedback (see Fig. 2). Stabilization is not the central issue in this paper,
and any scheme for feedback design can be used. For example, given (A4(k), B(k))
controllable for all &, the system may be stabilized through pole placement with all
the closed-loop poles in the same locations for all &.

Note that typically the initial conditions of the system are different from the
initial conditions of the desired state trajectory leading to initial transient errors
typical of all tracking controllers. However, once the desired level of tracking has
been achieved (due to an exponential reduction in error) our technique will maintain
tracking across parameter switches. In contrast, switching standard regulators when
the system parameters change will cause transient errors at the switching instants;
tracking will not be maintained across switches.

2.3. Exact-tracking maintaining input
We will assume the following.

Assumption 1: The system A(k), B(k) and C(k) has a well defined vector relative
degree (Isidori 1989) for each k € X.

u System
State Trajectory
Tracker Generator

Figure 2. The control scheme.
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Then we can find a coordinate transformation Q, such that (Isidori 1989)

790 = 0uxt = | F |0

z(2)
where
grea=1) drea=1) dre=t)
Y (2)] [yla}"la---aWJ’hJ’z,f’zs---,m Y2y sVps Vpyoo- ' 3D 7P
and rp =[rgy rk2 ... Txp) is the system’s vector relative degree for 7 < 1 < fiy
(where we assume #, = —o0). Here C¥ maps the system states into the outputs and its

time derivatives and Z, maps the states into the internal dynamics z.
Note that a necessary condition for exact output tracking in the interval I is that
the system state at time #; is such that

Yi(t) = Yra(te)
In addition, to maintain exact tracking we need to ensure that
V(1) = Yiea(t), Vt € [t, tinr)
Let

/

) d(res) dre2) dlrer)
Ya = dt(rk*l) Y., dl‘(rkj) yd.Z:"'vmyd,p

then we can find the following unique control law (provided that Assumption 1 is
satisfied) (Isidori 1989):
ua(t) = Fex(t) + Gey§ (0) (3)

such that the time derivative of the output is the same as that of the desired output
trajectory y, (this is also a necessary condition for exact output tracking). This exact-
tracking control is completely determined by the state x(#;), and by the desired
output along with its derivatives up to the order r.

Substituting the control law (3) into (2) we obtain for ¢ € I;:

(1) = A, (k)x(t) + B, (k)y{¥ (2) 4)

where A4, (k) = A(k) + B(k)Fy, B,(k) = B(k)Gy. In the transformed coordinates the
system equations for ¢ € [, are of the form

Yk(t) = Yk,d(t) }
2:(8) = A;(K)zi (2) + Az, (k) Vi (1) + B, (k)y ¥ (2)

Our objective is to define under which conditions it is possible to define a feasible
state trajectory x4(¢) such that exact trajectory tracking is preserved through all the
time intervals. There are two main hurdles. Firstly, the existence of at least a state
trajectory which maintains exact output tracking needs to be determined. This
depends on compatibility of the desired output with the given system. Secondly,
the state trajectories need to be bounded. In systems with unstable internal dynamics
(non-minimum-phase systems) generic solutions tend to be unbounded. In this case,
we need to establish additional conditions for the existence of bounded solutions to
the internal dynamics.

()
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In this paper we restrict ourselves to the case where: Y, 4, the output along with
its time derivatives, has a compact support [T;, Ty] € (—oc,00); (b) the switching
occurs within this compact set; and (c) the internal dynamics are hyperbolic before T;
and after Ty. More formally, we have the following assumption.

Assumption 2: The desired output trajectory y4(:) and its time derivatives are
bounded and have compact support S(yq) = [Ti, Ty]. The switching in the system
parameters are at fixed times ty € (T;, Ty) for every k€ [1,...,N].

Assumption 3: The system (1) has hyperbolic internal dynamics, i.e. the eigenvalues
of A,(k) have non-zero real parts (no centres) for k=0 and k= N. This is
equivalent to requiring that the original system (1) have no zeros which lie on the
imaginary axis (Isidori 1989) for k =0 and k = N.

The last assumption implies the existence of transformations Q, and Qu such
that the system state can be partitioned into

Y, () Cct
za(2) | = Qux(t) = | Zg | x(2) (6)
zuk(t) Zuk

where zy and z,; are the coordinates for the stable and the unstable subspaces of the
system’s internal dynamics.

2.4. Notations

Towards establishing conditions for the existence of solutions to the exact track-
ing problem for a prescribed output, we first study the dynamic evolution of the
system for a given initial condition.

Given an initial condition in an interval [, the system’s evolution for
ty <t <ty 1s described by

t

x4(1) = exp [4, (k) (2 — )] xa(ti) + j exp [4,(k)(t — )] B,(k)y{¥(r) dr

Ik

In a more compact form
xq(t) = Dr(t, ti) xa(te) + (2, ti)

where
Di(t, 1) = exp [A,(k)(t — ti)]

and
t

he(t, ) = J exp (4, (6)(t — 7)] B, (e)y{P () dr
e
The above equations describe the flow in an interval where the system does not

undergo switches. To obtain a representation of the system state in terms of an initial
state that does not belong to the same interval, we define flow compositions as
follows:

Wi,i(t,ti) = Pr(t, tr) © Pp—1(th, t-1) 0+ + © Dy(tis1, 1i)

k-1
Hii(t, 1) = he(t, 1) + Y Phee1,1 (=1, 1)y (1141, 1)

J=i
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where
V(1) = Di(e, 1)

and
Hii(t, 1) = hi(t, 1)

The system evolution for an initial condition x(7;) can be rewritten as
x(1) = ¥ieo(t, T)x(T3) + Hio (1, T)) (7)

2.5. Necessary and sufficient conditions
We first formally state the result.

Lemma 1: Under Assumptions 1-3, the exact output tracking problem is solvable
with bounded solution if and only if the system of equations:

0
Yar(te) = CEQu¥ro10(te, TNQo | O | + CEFQuH10(t, Ti), Vk=1,...,N
2,0(T7)
(8)
0
0=2Zn| no(Tr, T)Q"'| O | +HynolTy, T)) 9)
Zu.O(Ti)

admits a solution in z,(T;).

Proof: System trajectories outside [7;, 7y], the compact support of Yy, are
bounded if and only if z,n, the unstable component of the internal-dynamics, is
zero at the end of the motion 7, and similarly the stable component zy is zero

before time 7;. Formally
0

(T)=0;'| 0
Zu.O(Ti)
0

x(Ty) = Oy | zen(Ty)
0

Substitution of the preceding expressions into (7) computed at t = Ty
x(T7) = Pno(Ty, Ti)x(T:) + Hyo( Ty, T;)

gives (9). In addition, exact tracking in every interval I, is possible if it is possible to
find state trajectories that are continuous and such that C¥x(#,) = Yy (#;). By using
(7), that gives the state at ¢ = ¢, as a function of the initial state and the constraint on
x(T;), (8) easily follows. O

Equation (8) will be referred in the following as compatibility conditions, and (9)
will be referred to as stability condition. The compatibility conditions ensure that Yy
does not jump across switches (or else unbounded inputs would be required). The
stability condition ensures that the autonomous system dynamics for t — oo are
bounded.
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The algebraic conditions expressed by Lemma 1 can also be interpreted in a
geometric coordinate-free framework. To this end, let

Zk:{x:Yszqu(tk)}, kE[O,,N]

represents the set of the admissible system states at time ¢, to achieve exact tracking
in the time interval 7, <t < ;.. &, is in general a linear variety in the state space
that reduces to a linear subspace (the system internal dynamics) for £ = 0.

A necessary condition for achieving exact tracking when ¢ < T; is x4(T;) € Zy.
Furthermore, to maintain a bounded solution for all ¢ < T7; it is necessary that the
initial state belong to the unstable subspace of the system internal dynamics
xd(Ti) S-S u,0:

Note that every x4(7;) determines a unique x4(¢;), given by

xq(t1) = Po(t1, Ty)xa(T;) + ho(t1, T7)
Hence, we can define the image of the subspace ., as
Dy(ty,t0) 0 Lo = {x:x=Dy(t;,t0)y + ho(t1,10); ¥y € Lo}

which represents the linear variety composed by the points reachable at time ¢; with
the constraint of y(¢) = y4(¢) for all z € [ty, t;).

To maintain exact tracking in the next interval ¢ € [t},¢,), it is necessary that
x4(t)) € &,. The compatibility condition at time ¢ = ¢; states that

xq(t1) € L1NDy(t,T;) 0 L

which is possible if and only if the linear variety

L1 =L1NO(t,T;) 0 L yp

is not empty, i.e. if and only if .2, intersects the image of £, , under the system flow.
The same procedure can be repeated for the switching time ¢t = ¢,. Starting from &,
we can flow forwards in time. To achieve exact tracking in the interval [t,, t3), the
image of % must intersect .5, i.e. the set

L =L, N & (), 1) 0

must be not empty and more generally, the exact tracking in ¢ € [T}, #;,1) is possible
if and only if the image of &, _, under the system flow @, _; (¢, t,_,) intersects ¥,

i.e. the set
Frk = L N Pp_1 (tey te—1) © Fr-1 (10)

is non-empty for every k= 1,...,N. However, to obtain a bounded solution for
t > Ty, the final state at time ¢= 7y must belong to the stable subspace of the
system internal dynamics & 5. Let

Pr, & Ly N Oy(Ty,ty) o Fy

Hence, we have proved an analogue of Lemma 1 in geometric terms.

Lemma 2: The exact output tracking problem is solvable if and only if 1, is non-

empty, i.e.
S1, # B (11)
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As the flow of a linear system is a homeomorphism, the dimension of a linear
variety and that of its image are equal, and hence

dim (¥;) =2 dim (%), j=i

This means that at each iteration (10) the set of possible solutions could reduce at
each K and that no solution is possible if it becomes the empty set for some %, i.e. it is
empty for every j = k.

2.6. Switched systems with invariant internal-dynamics subspace

We present below a particular case in which the given conditions considerably
simplify. This exemplifies the obtained results and will be illustrated with an example
in §5.

Assumption 4: The system (1) has constant relative degree r = ry for every k, and
matrix C¥ = C* is constant for every k.

It follows from the previous assumption that the coordinates outside the internal
dynamics Y, are the same for every &, and thus the internal dynamics subspace is the
same for every k. Note that the stable and unstable subspaces may still be different,
and may switch around, but are constrained to belong to the same subspace.

As Y, = C*x, the continuity of x implies that the compatibility conditions are
always satisfied.

Lemma 3: [f assumption 4 is satisfied, then the compatibility conditions are
satisfied for every smooth enough (C") desired output trajectory vq(1).

In addition, & (1., 1) © F C L. implies that
Frr1 = Pr(legrs k) © L

is non-empty because 0 € ¥,. Further dim (<,) = dim (%q,,).
The additional condition for boundedness of solutions for ¢ > T is met if and
only if & intersects .#, 5. The linear variety #» can be expressed as

yN =Im (SN) +v
and the stable subspace of the internal dynamics can be expressed as
QS,N = Im (LS,N)

From the previous considerations we have the following lemma.

Lemma 4: If Assumptions 1-4 hold, then the exact output tracking problem with
bounded solution is solvable if

rank [Sy Ly, =n; (12)

where n, is the dimension of the system internal dynamics at t = Ty.

As a last remark in this section, note that if not only do the internal dynamics
subspace remain constant across the switchings, as ensured by Assumption 4, but its
stable and unstable subspaces do too; then the condition (12) is always satisfied and
the problem has a solution for every admissible y4(z). Moreover, this solution is
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unique for every given y4(z). This implies that the exact-trackihg problem for a
system without switches is always solvable.

3. y4 given through an exosystem

In this section we consider how the preceding results can be specified when the
reference trajectory is not completely general but is generated through a known
linear exosystem, given by

Xe = Ae(k)x,
o) (13)

First we solve the tracking problem when the initial state of the exosystem (at time
T;) is known in advance, hence the obtained result will be valid for the particular
reference trajectory determined by the initial condition. Later, we will extend the
approach to the case of unknown initial conditions. In this case, we look for asymp-
totic tracking of the reference trajectories for arbitrary initial conditions of the
exosystem.

We begin by studying the case where the state of the exosystem x.(7;) is known.
The system equation (4) becomes

Xq(t) = A,(k)x(2) + B, (k) C (k)x.(2) (14)

with yé”‘)(t) a C¥(k)x.(t), because all the time derivatives of the output can be
written in terms of x. by using (13).
The system evolution can then be rewritten as

x(£) = Yrolt, T)x(T3) + Heo(t, Ti)xe(T}) (15)

where

k=1
Hyi(t, ) = he(t, ) + Z i1, (te=1, )R (41, 8)
=i
~ t A~
it ) = | exp (0t = 7)) B,(K)CHR) o, T) dr
3
and ‘Pk,o(r, T;) is the evolution of the exosystem (analogous to (7)). A solution to the
exact tracking problem exists if Lemma 2 is satisfied. The compatibility condition is
satisfied for all initial conditions x4(7T;) € &, if C¥ = C*. The stability condition

becomes
0=slzu,o(T,-)+szxe(T,-) (16)

where
0

$1 = Ziw¥no (T, T1)Q5 | O
X I
8y =Z,nHyo(Ty, T))

In what is to follow, we will assume that the above equation has a unique
solution (iff s; 1s invertible). This yields a one-to-one relationship between the plant’s
state and the exosystem, as follows:




126 S. Devasia et al.

0
xa(T)=Q'| 0
_Zu,T,-(Ti)
[ 0
ol A
= Qo 0 = G(T;)x.(T;)
__SI_ISZXe(Ti)

What is interesting is that we can also write the desired exact tracking state
trajectory in terms of the exosystem state. By substituting the above expression
into (15) we obtain

where
G(t) & [Pir,(t, T)Gr + Hier, (1, T;) CE ¥ico (N, Ty)xe (1) (17)
It may be verified that G(¢) satisfies the differential equation
Gi(t) = A, (k)G (1) — G (1) A (k) + C¥

In the case of no switching, a constant solution always exists for the above Lyapunov
equation provided that the eigenvalues of the exosystem A4, are different from the
zeros of the plant eigenvalues of A4,. The above equation also provides a control
strategy when the exosystem states are not known. We estimate the state of the
exosystem as X, and regulate the trajectory X4 = G(¢)%.. The stability of such a
controller is studied in the next section.

4. Stabilization
If the state of the exosystem X, is not known, then we could estimate it as x, with
1xe () — ()], < K. €%'||x(0) — %.(0)]],. We use £4(f) = G(¢)%.(¢) as the estimated
desired state trajectory, and stabilize this trajectory by using the control scheme
shown in Fig. 3. Note that the feedforward used (see (3)) is completely specified in
terms of the exosystem’s state estimate, as follows:
ug = Fi1xq(t) + Fe2 59 (1)
= Fk,lG(t)-;Ce(t) + Fk,ZC:ek-;Ce(t)
= ije(t)
The state equations are of the form
X = Apx + Br(Fixe + K(x — G(1)%,))
We require that the system in each interval is either stable or stabilizable. For
simplicity, we assume that 4(k) + B(k)K is Hurwitz for all k; the arguments remain

valid if the system is stabilized through any other feedback control scheme.
The desired trajectory satisfies

)'Cd = Akxd + Bkaxe
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Exosystem
+
Observer
A
Xe
Fp € G()
A
U4 + _+ 61d
q X= Ak x+B k u X >
A+ =C
y=~LkX
feedback K .

Figure 3. Trajectory tracking with exosystem.

Let e := x — x4. Then the difference between the last two equations yields
e= (Ak + BkK)e + (Bka + BkKG(t))(fce — xe)

The exponential stability of the error dynamics system follows from the next lemma.

Lemma 5: Given the system é = Ae + v(t), where K;e™' < |e~4||, < Ky e and
V() < Kse !, with K, Ki, K3 positive, then e =0 is an exponentially stable
equilibrium point, provided that a3 > ap > 0.

Proof: Using the variation of constants formula

]Ie_Ate(t)Ilz < |le(0) + Jo e_ATv(T) dr

2

< [e(0)]l, + L 47 y(7) dr

2

< o0, + jo le=4my(r)l, dr

t
< ”e(O)”z + K2K3J eaz—a3 dr
0

1
< ||e(0 KKy —
eO)l + Kok ———
provided that a3 > a,. Hence
1

Q3 —

Kille™e(D], < lle™e(n)ll; < lle(0)l; + K2Ks
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the right-hand side being a constant. Therefore, for all e > 0 there exists a positive
constant X such that
le(r)]l, < Ke~(®179

5. Example

Consider the flexible structure, cantilevered at the base and free at the top, shown
in Fig. 4. It is modelled (with the finite-element method) with a single flexural ele-
ment. The degrees of freedom are the translational motion at the base x;, and the top
x5, and the rotation at the top x3. The input is a translational force at the base and
the system output is x,. The structure is loaded with a mass m,, which is changed at
several instances. The flexural element has the following properties: mass 420;
length 1; elastic modulus 1; and cross-sectional area moment of inertia 1. The objec-
tive is to maintain the top of the structure along a prescribed trajectory to facilitate
the transfer of the load. The equations of motion can be described by

M5 + Sx = Bu
where
156 54 -13 12 -12 6
M = 54 156+m, 22|, S=]-12 12 -6
-13 -22 4 6 -6 4

X = [xl X2 X3]I, and B = [1 0 O]I
In the standard form x = [x' X)' (abuse of notation) we have the dynamics as

x = Apx+ Biu

v = Cx
where

0 I 0
Ak= [-——M—IS 0:], Bk = [M—IBJ, Ck: [0 1 0 0 0 0]

Figure 4. Example.
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The desired trajectory is generated by an exosystem of the formﬁ'ce = A.Xx., where

010 0
~1.0 0 0
=1 010 0
001 0

and the desired outputis yg = {0 0 0 1]x. 4 C.x.. We also switch the exosystem to
A, = 0°** at the initial and final times 7; = 0 and Ty = 2pi. The first two states of the
exosystem form an oscillator and the second state is then integrated twice to obtain
the desired output. Note that (4., C.) is observable. Hence the exosystem states can
be estimated. In our simulations we ensure that the output trajectories have a
compact support [0,27] by choosing initial conditions of the exosystem of the
form x.(7;) = [0; *;0; 0].
We also switch the mass m, on the structure (see Fig. 4) to take the values m, = 0,
Vt € [0,7/2], m, = 100, Vt € (n/2,1-57], and m, = 10, V¢ € (1-57,2x], which denotes
the jumps in the system. Note that C§¥ remains constant through the switches and
hence the compatibility conditions are always satisfied. As illustrated in § 3, the map
G(0) : x.(T;) — x4(7T;) is given as
[—-4-6715 —3-3239 0
0 0 0
69406  2:6672 0
—-0-5935 ~—14710 0
0 0 1

o O O —~ O

2:6851 -0-8211 0 O

L .

As an example we simulate the forward dynamics with the initial condition for the
exosystem as [0 1 0 0]. The corresponding initial system state for exact output
tracking is

x4(T;) =[-33239 0 26672 —1471 0 —0-8211]

The simulation results are shown in Fig. 5, where the exact tracking state trajec-
tory is shown; this desired state trajectory yields the desired output with an error of
107° for a motion of two units. This error is believed to be due to the numerical
integration schemes. Furthermore, the initial conditions are large and unrealistic.
The initial conditions of the system are typically not the same as the initial conditions
of the desired state trajectory; this results in initial transient errors. If the system is
stabilized then these errors decay exponentially, even if the system dynamics has
switches. This ability to maintain tracking across switches is a major advantage of
our approach. Furthermore, preactuation techniques to achieve these initial condi-
tions (with output error maintained at zero) has been developed by Devasia et al.
(1996) and we expect to integrate the two approaches in the future.

6. Conclusions

The problem of achieving exact output tracking for linear systems that present
jumps in a parameter’s values has been analysed. We have established necessary
and sufficient conditions for the existence of exact output-tracking bounded state
trajectories. When the reference trajectory is generated through an exosystem, the



130 S. Devasia et al.

2€
. B
£ g 1k ]
=
a
i g o
. 1 .
0 5 10 15 0 5 10 15
time time
1x10'6 .
= i = 0 J
£ &
g 8
&, {4 =& -Ir .
[=9 ~
© S
= ]l 5 at i
I 1. _3 L. i i
0 5 10 15 0 5 10 15
time time

Figure 5. Simulation results.

feedforward action needed to maintain exact tracking can be written as a time-
varying feedback. Furthermore, this time-varying feedback is related to a map
from the state of the exosystem to the desired system state. The map is linear and
is shown to satisfy an ordinary differential equation. For the case of systems without
switches the presented theory reduces to the standard regulator theory. We also
showed that the desired trajectory can be stabilized and presented the simulation
results for an example flexible structure with switching mass.

Future work will attempt to remove the requirement of compact support for the
output. There is also a need to address the tracking problem for systems whose

internal dynamics may not be hyperbolic.
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