IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 45, NO. 5, MAY 2000 949

stochastic stability framework, stability of all operation modes is not Nonlinear Repetitive Control
even required.
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R(s) + —~EGE[ A ; Y(s) IIl. REPETITIVE CONTROL OFI/O FEEDBACK LINEARIZED SYSTEMS
—P@—* Grc(s) > Gsc(s) H Gp(s) - > T . .
\ : ; The availability of powerful methods for solving linear control
T Controller T Plant problems has motivated the investigation of various procedures for
linearizing nonlinear systems. If the plant in Fig. 1 is nonlinear, but is

input—output (I/O) feedback linearizable [20], it will still be possible
to achieve asymptotic tracking with the repetitive control system
shown in Fig. 1. The well-known work of Isidori [20] and others has
established conditions under which a nonlinear state equation with

have a nice robustness result employing Kharitonov's theorem [14] SPecified output can be transformed, via state feedback and state
and Sadegh [15] has devised a method using feedforward. coordinates change, intaarmal form[20], which has the property of

On the topic of nonlinear repetitive control, there has been very mﬂglng /O linear. Consider now the commonly studied nonlinear plant

ited research effort. A paper by Omathal. [16] establishes abstract & = f(z) + g(@)u
passivity bounds on the nonlinearity such that the system reniains -

stable and the error signalis . Another paper by Hikitat al.[17] uses y =hiz) 2)
sliding modes to eliminate nonlinearity, thus reducing the problem \th%ere the functiong, ¢
a linear one. An analysis of higher order internal models for nonlinear ]

plants has appeared in Huaeigal. [26]. Independent results by Khalil that are 1/0O feedback linearizable (i.e., have a well-defined relative de-

[27], similar to our approach [24] have also recently appeared. The C%ﬂée atr = z°) are studied, and the conditions under which a repetitive

cgpt ofkth-.ordertrackmg in [26] differs from ourdeflnltloq. Hugpg a'?dc ntroller can be used to exactly reproduce the prescribed reference
Lin use this term to describe a steady-state error that is infinite-si

, ; _ . tput of the plant are discussed. Consider a representhtitdeorder
of orderk with respect to the amplitude of disturbance input. P P b

. s . nonlinear system from this class, which is characterizedimal form
In this paper, we apply repetitive controllers to a nonlinear plachE/
- |_

and analyze the tracking performance. In Section Il, a new finite
mensional, continuous-time repetitive controller is proposed. In Sec- £l =&
tion Ill, we consider repetitive control of a nonlinear system of the

Fig. 1. Repetitive controller: continuous-time model.

andh are sufficiently smooth.
In this section, the tracking problem for a class of nonlinear systems

form& = f(z) + g(x)u; y = h(zx), which has a well-defined relative 52. =u .
degree. In Section |V, we present an example of output tracking with n=-n"+¥(. ¢
the repetitive controller for a nonlinear system, which does not have a y=£&. 3

well-defined relative degree. The method is applied here in the context ) ) N
of a common laboratory system—the ball and beam system—whéfiee block diagram of the closed-loop system with a repetitive con-
the repetitive controller achieves the best periodic tracking resultsttgller of orderN' = 7 is given in Fig. 2. Thet-subsystem is stabi-

date for this system [18], [19]. Finally, Section V concludes the papdiged by the control law: = —4¢; — 4¢. Itis to be noted that the
prime concern in the design of the control laws is that the variables

representing the internal behavior of the system remaimdedvhen

a specific control law is imposed. Therefore, instead of relying on the

convergence ofy(¢) to zero, we can strengthen the input-to-state sta-
Before we proceed further, consider the block diagram of a Sl I;tty fg:g%ertyoﬁfq?:g}zuzzf t(tahn(;qc:r rj; (577)0_; d\iI,n(négl)Lljt?g r(rf)qgf”:t?g

continuous-time repetitive control system shown in Fig. 1. Here Y P ' P g

- ; : A . tsubsystem be bounded.
G,(s) is the transfer function of the linear planfy;.(s) is the " y B . . .
. g K We now present the simulation results for two different interconnec-
proposed repetitive controller containing an internal model of tr}e

; . ) on termsW (; . Fig. 3 shows the results obtained with sinusoidal
desired output, an@r..(s) is an observer-based controller, deS|gneo| (. £). Fig

to stabilize the closed-loop system. The repetitive controller is |deaﬁefteri?coeoIgﬁgt::dr;(nt’ofi)c tra%l?in I?;g':h?sj:g( F)i de:s'tsy;]so\t/tl)sztehrg re-
given by the following transfer functiorG,.(s) = (1/1 — ¢=°7), ymp g -9

) . . sult when the interconnection te is given byé&sn, and with
which has its poles atjnw, wheren € Z, the set of integers and fins. &) 1S g yéa),

T is the time period of the periodic reference signgl). The above thg same referepce |qput. Here, too, asymp?otlc tracklpg .Of t.he pen
N e 7 ; .odic reference signal is achieved, although) is now periodic (i.e.,
infinite order model is difficult to realize in practice, however, and i

R - ounded, but does not converge to zero).
not robust. Therefore, we propose approximating it by a finite order

model given by

Il. M ODEL OF A CONTINUOUS-TIME REPETITIVE CONTROL SYSTEM

IV. REPETITIVE CONTROL OF SINGULAR NONLINEAR SYSTEMS

Ghre(s) = ———— L (@) Itis not unlikely for a nonlinear plant given by (2) to have pointsinits
H 9 9 state space where the relative degree cannot be defined. In general, the
s (82 + n2w?) - . o : . .
el conditions for feedback linearization of a nonlinear system with speci-
fied output are restrictive. Therefore, it is of practical interest to inves-
with poles only at locationsjnw, wheren = —N, —N 4 tigate situations in which these conditions fail but do so dightly.
1,---,0,---, N,whereN is a finite integer. We prove in Section IV Following the approach of Hausetal.[18], we begin with an example

(Theorem 1 and Proposition 1) that the tracking eer@n has zero drawn from control laboratories—the ball and beam experiment—and
harmonic content at the repetitive frequency and its harmonics upsioow how the exact input—output linearization approach may fail.

N. Also, we show (Proposition 2) that the bound on the tracking error The ball and beam system is depicted in Fig. 5. The control objective
decreases wittv (where N is the number of oscillators modeled inis to control the torque applied at the pivot of the beam, such that
the controller). This justifies the fact that in the linfif — oc, the the ball can roll on the beam and track a desired trajectory. Let the
above model of the repetitive controller works as well as the idealoment of inertia of the beam bE the mass and moment of inertia
model in achieving perfect tracking for typical reference signals.  of the ball beM and.J,, respectively; the radius of the ball b& and
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controller plant

Fig. 2. Output tracking: feedback-linearized model.
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0.2F .

ot L - L -+ L L ] T=2M ri6 + MGr cos § + (Mr? + J + Jy)u, the system can be

time(sec) written in state-space form as
i . ) a1 X9 0
Fig. 3. I/O feedback linearized model. “ _ B(ar2? — G sin @3) . 0 . @
xrs T4 0

15 ; ; . . T T @y 0 1
o -~ N~
g f(=) 9(=)
) y= x 5
2 y=2a0 (5)
= h(x)
Q
g (g e 2N — (g T andy — —
= wherex = (w1, x2, a3, 24) = (r, 7, 6, §)" andy = h(z) := r.

o - - - - . - ) The outputy(t) is to asymptotically track a desired trajectary(t),

° time(sec) i.e.,y(t) — ya(t) ast — oo. We successively differentiate the output

y three times until the input appears algebraically for the first time in
y(s) = Basaxi — BG4 cosxs + 2Bz zsu. Note, however, that the

1 T T T T T T

08 coefficient ofu is zero whenevef or r is zero. It follows, therefore,
.08 1 that the relative degree of this system is not well defined at the point of
%0.4- A interest for the given output. Thus, the exact I/O linearization approach
is not applicable to this problem.
o /\ ] We now briefly review the derivation of the approximate I/O lin-
% 1 2 v prs P pos 70 earized model [18] for convenience. Since the system fails to have
time(sec) a well-defined relative degree because of the centrifugal acceleration
term Bz, 2%, we design ounpproximate systetny simply neglecting
Fig. 4. 1/O feedback linearized modei(t) is periodic. it. A nonlinear change of coordinatés= &(z) is constructed to trans-
form the system as follows:
the acceleration of gravity b&. Choosing the beam angfeand the &=y = Q1(x)
ball positionr as generalized position coordinates for the system, the fl= 1o
equations for motion are given by -
E2=P2(x)
. i )
(J_b + M ) P+ MG sin 6 — Mré® =0 G =BGzt Do
R? E3=P3(x) Wy (z)(the annoying term!)
(My* +J + Jy) 6 + 2Mriz + MGr cos § =1 £y = —BGua cos s
————
where 7 is the torque applied to the beam. Defining := , gfq’“’”)
M/(J,/R? + M) and changing the coordinates in the input §a = BGxy sin x5 + (=BG cos x3) u. (6)
space fromr to « using the invertible nonlinear transformation b(e) a(z)
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Vs &4 &3 &2 €1 Proof: Sincer(t) has perio@x /w, we can rewrite (8) in the form
S T S m S T S W_’y of an autonomous equationint-1 dimensions by defining the function
4: R'—=§!

6: t— wt(mod2m). 9)

Using (9), (8) becomes
Fig. 6. Approximate 1/O linearization: a chain of integrators perturbed by

small nonlinear terms W( %, V)

small nonlinear terms. &(t) = f(x, 8)
b(t) = w; (z,0) €R" x S". (10)
4 - ' v y T - Similarly, (7) becomes
o ] z(t) = f(z, ) + €¥(x)
B(t) =w; (2, 0)€R" xS". (11)

r

We define the flows;(xq, bo, €) := (z(t), 8(t)) to be the solution to
(11) with the initial conditions:y andf, . Settinge = 0, we define the
flow for the unperturbed system as(o, 6o, 0) := (2(t), 6(¢)) :=
(wt + 60) mod(27), where

=3

Tracking error

.
x(t) = e +/ A (s)r(s) ds. (12)

0
Because the forcing(t) is periodic, the solutior:(t) to the linear
system is also periodic in steady state [sidAcis the stable closed-loop
system matrix; see (7)].
- , , , . . , Next, consider a Poincaré mapnear the periodic flowp (o, 6o,
0 1 ® t?me(seé; ® & ™ 0). We define a cross sectidi’® transverse to the unperturbed flow
¢¢(xo, 0o, 0), corresponding to a constant valuedofas follows:

-2

Fig. 7. Tracking error: ball and beam problem. 250 = {(x. ) € R" x §1|9 =0, € (0, 271},

Define a projectiordl onto thex variable as follows:
When a state feedback law(z, v) = a(z) + 3(x)v is applied, the o R xS — R"
system resembles a chain of integrators perturbed by higher order terms )
¥ (x, v), as depicted in Fig. 6. The first componentds the system II: (2, 60) —
outputy. Each successive component of the coordinate change is cgAg define a Poincaré mdpfrom £ onto itself as
structed by differentiating the previous component along the system 7 3
trajectories and discarding the undesirable higher order terms. P X7 — X

As the objective is to make the output track the prescribed peri- P o H[Pory(a, o, 0)].

odic reference trajectory such gs = sin wt, we design a repeti- o o points ofP correspond to the periodic orbits of (10). When

tive Cor,'t,rOI for the ball and .beam SyStem given by (6). Fig: 7 Shov\és mall autonomous perturbatie® (x), as in (11), is added, the per-
a surprising result; the tracking error achieved by the repetitive contialy e of a fixed point aP can be determined by application of the

system when a sinusoid is appl_ie_d asa referer_wce signal is essent) licit function theoremlf =™ is a fixed point of P, thenP(z*) =
zero. The observer-based stabilizing controller is constructed base o112, B0, 0)] = «*. Let us define another functia® with +*

the linear component of the model (i.e., neglecting the nonlinear terms od point as follows:
of the approximate I/O linearized system). Noting that the nonlinear '

term B, 27 is generally small, this behavior can be understood in the G: R"xSxI—R"
proof of Theorem 1 and Proposition 1 to follow. G: (0o, €) = T [®o11)0, (v, G0, €)] —
For the plant given by (6), the closed-loop equation correspondin ere
to Fig. 1 can be written as
R . —f —
P(t) = Ax(t) + br(t) + ¥ (), 2(0) = zo; 2 ER”  (7) e€lCR; I={eeRl—e <e<e}

whereA is stable and? (z) represents the time-invariant nonlinearity10t€
of the system, withf (0) = (0. We think ofe as being a small and fixed
term. Setting: = 0, we obtain the following equation:
#(t) = Aw(t) + br(t) = f(a, 1), “(0) = xo; « €R"  (8) We can assume, without loss of generality, _tha”t, fy) = (_(), 0).
Then, it is evident that#(0, 0, 0) = 0. We wish to determine that
which we refer to as the unperturbed equation. If the periodic refererita solution of G(x, 0, €) = 0 for smallz ande exists. Now, using

G(,l’*, 50, 0) = H[@Qu/w(l’*, 507 0)] — l’* =0. (13)

signalr(t) has a period’ = 27 /w, thenf(x, t) = f(x, t+T). (12) and (13), we obtain the derivative 6f with respect tor evalu-
Assumption Al):The linear subsystem has no zerosdhw, and  ated at (0, 0, 0) a®..G(0, 0, 0) = ¢** — I, which is nonsingular

the realizations are minimal. (since A is stable and has no eigenvalue on imaginary axis). Hence,
Assumption A2):¥(z) is as smooth ag(x). det D,G(0, 0, 0) # 0. Thus, by the implicit function theorem, a func-

Theorem 1: If assumptions A1) and A2) hold, then for sufficientlytion of ¢, #(e) exists such tha€(7(¢), 0, ¢) = 0, for e sufficiently
smalle a) there exists a periodic solution of the perturbed system (§inall and contained ih Therefore, we havB [®,), /., (Z(€), 0, €)] =
and b) stability of the unperturbed periodic solution implies that th&(e). Thus, the Poincaré map has fixed points for the perturbed system
periodic solution of the perturbed system is also stable. (although it may shift continuously withy from its previous position).
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This proves the existence of a periodic solution for the perturbed syste Oth order harmonic 1000 1st order harmonic
™).

It can be proven that if a fixed point of a Poincaré map, constructe: A 500 ﬁ_—
near a periodic orbit, is asymptotically stable, then the correspondin
periodic orbit is also asymptotically stable [21]. ke(t) andzq (¢) de- % 2nd order harmonic 150 % 3rd order harmonic 150
note solutions to (7) and (8), respectivelylaf (to) — zo(to)| = Ole)  2® 200
(of ordere), then for|t — to| = O(1), |ze(t) — xo(t)| = O(e), as 100 100
long as the perturbation term is smooth [21]. In other words, if the as MMVV_/;
sumption A2) imposed above holds, the solutiofit) to (7) is a con- % 4th order harmonic 150 % 5th order harmonic 150
tinuous function ot. Therefore, it follows that the entries of the matrix 290 200
D, P(%(¢)) vary continuously withe. Moreover, the eigenvalues ofa | - 100
square matrix are a continuous function of its entries. Hence, the eige J"J\_
values ofD . P(z(e)) vary continuously witte, as well. Now, for the % o order Tammoie 350 % T orer Pammoie 150
unperturbed case, we hails, P(z*) = ¢**. Since the eigenvalues of 200 200

A have negative real parts, we can conclude that the eigenvalues as

ciated with D, P(%(¢)) are also stable for sufficiently small Thus, % 100
the fixed point associated with the perturbed flow is stable if that for JV\M oL
the unperturbed one is stable, and so will be the corresponding perioc ~ ° time(sec) 150 ° time(sec) 150

orbit. |

Proposition 1: If a repetitive ControIIeG,-r of order XN is placed in Fig. 8._ “Windowed” harmonic-content of the output of the controller in Fig. 1
the closed loop (Fig. 1) given by (7), then the steady-state error sigAgf 9Ven by (7)-
e(t) cannot have harmonics of ord€rV (we call this propertyVth

order tracking).

) ; . o We present in Fig. 8 the plots of a harmonic analysis of the output
Proof: This proposition can be proven by contradiction. By Thest the controller, which is placed in the closed loop given by (7). The

orem 1, the solutions to the closed-loop (7) are periodic. Hence, all {gmonics are obtained by computing the discrete Fourier transform

solutions of the closed-loop system are bounded. Suppose the trackiggT) over a sliding window of length 100. Since the magnitude of
error has & harmonic content of ordefwhere: < N). Then, it can  parmonics of order higher than five are seen to be negligibly small in
be shown that. thg signal at the output of the repetitive controller 9roWRady state, we can conclude that the chosen model closely approx-
unbounded with time due to the pole at the same frequency, whereQyaes the true periodic signal generator. Although Theorem 1 and
contradiction is reached. Hence, the proposition is proven. Proposition 1 were motivated by the ball and beam example, they apply
Proposition 2: Let the periodic reference trajectortf) with period 14 41 plants of the form given by (7). Since a repetitive controller, when

7 H 1 e sl - .

T beinC". If a repetitive controllel,. of orderN' is placed in the 55 jieq to a nonlinear plant, can achieViéh order exact tracking, we
closed-loop (Fig. 1) given by (7), thep the magnitude of the steady-stal&, conclude that it is a powerful control methodology for nonlinear as
error signale(t) is bounded by BT)* /(7w N), whereB is a bound \yal as linear plants.

based on the reference trajectory. _ This paper was motivated by the noncircular optical turning of eye-
_Proof: Let the ouput signal of the plant (7) be given by the foly|ass jenses where actuator nonlinearity limits surface precision. The
lowing equation: application of the repetitive controller to optical lathe control is dis-
cussed in [24]. The second application of repetitive control that we in-
y(t) = h(x(t)) (14) vestigated is the auto-balancing of an active magnetic bearing rotor so

. ) ) ) ) that it rotates exactly about its geometric center [25].
wherer is a continuous function andt) is the solution to (7). There-

fore, y(t) € C*. Since bothr andy are inC*, the tracking error
e(t) = r(t) — y(t) is in C''. This impliesé(#) is in C°. Also, é(t) V. CONCLUSION
is bounded on the compact interval¢ [0, T]). Using input-to-state | this paper, we studied the applicability of the repetitive controller
stability property of the system and assuming zero initial conditions {4 yonlinear tracking control problems for three different classes of
the states, we can writg(#)(| < K (||#(#)[| + [|r(#)|l) < B, sincer  ponlinear systems: 1) with a well-defined relative degree, 2) which fail
andr are bounded on€ [0, T']. From the definition of théotal vari- 14 have a well-defined relative degree, and 3) linear plants with small
ationof e(t) on [0, T (V(e(t); [0, T1)) [22], we have actuator nonlinearity. When dealing with the exact linearized model
of a nonlinear plant, the use of a repetitive controller in closed loop
achieves perfect tracking of a periodic reference signal. The asympo-
whereP = {2y, 21, -+, 22 }; 0 < 29 < 21 < -++, z, = T and fotic convergence of the error can be justified by means of the internal
- A . . model principle. However, even for the approximate linear models,
VIE, P) = Sz le(a;) = elzj-)l such as that obtained for the ball and beam system, if the nonlinearit
Therefore, (e, P) < B¥jile; - @j1] < BT. Since the is sufficiently small, the proposed repetitive )r/:ontrolller yields bettery
right-hand side of the inequality is independentfwe have steady state error than that obtained with other methods, such as the
Ve(t); [0, T]) = sup{V (e, P)} < BT. (16) feedback controller derived from Jacobian linearization or the feed-
back controller based on approximate input—output linearized system
From a theorem of Giardina and Chirlian [23] (quoted in the Apf18], or approximate backstepping technique when applied to the ball
pendix), we can conclude that the MS& () is bounded by and beam system [19]. Feedback linearization or backstepping are, in
general, very powerful nonlinear control methodologies for tracking
any trajectory. If the desired trajectory is periodic, however, the use
of repetitive control definitely yields much better tracking than other
whereel ;s = |le(t)]|3. m methods.

Vie(t); [0, T]) 2 sup{V (e, P): P is a partition ofl0, 7]}  (15)
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APPENDIX [16]

Bounds on the Truncation Error [23]:Consider a periodic signal
f(t) with periodT" expressed by the Fourier series

f(t) — i Cnejnu;t

n=—oo

[17]

an 18

wherew = 27/T andC,, = 1/T fi/jz F(t)e™ ™" dt. We approx- [19]
imate f(t) by fm(t), where

fm(t> = Z C’nc,inwt.

n=—m

(21]

We wish to determine a value of, which guarantees the MSE between
f(t) andf,.(t) is less than some specified value. The mean square df?
Hilbert norm is given by 23]
T/2

Ers=1f = fmll} = / [F(t) = F () dt.

—T/2 [24]
The following theorem gives a bound on the truncation error.

Theorem 2: If a periodic f(¢) is of bounded variation whose total [25]
variation over one period is bounded By that isV (£, [0, T]) < B,
then the mean square error is bounded by

2
eirs < B

[26]

[27]

TWwm

Proof: See [23].
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