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Learning control is a very effective approach for tracking control in processes occur
repetitively over a fixed interval of time. In this paper a robust learning algorithm
proposed for a generic family of nonlinear, nonminimum phase plants with disturba
and initialization error. The ‘‘stable-inversion’’ method of Devasia, Chen and Paden
applied to develop a learning controller for linear nonminimum phase plants. Thi
adapted to accommodate a more general class of nonlinear plants. The bounds o
asymptotic error for the learned input are exhibited via a concise proof. Simula
studies demonstrate that in the absence of input disturbances, perfect tracking o
desired trajectory is achieved for nonlinear nonminimum phase plants. Further, in
presence of random disturbances, the tracking error converges to a neighborhood of
A bound on the tracking error is derived which is a continuous function of the boun
the disturbance. It is also observed that perfect tracking of the desired trajec
is achieved if the input disturbance is the same at every iteration.
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1 Introduction
Iterative learning control~ILC! refers to a class of self-tuning

controllers where the system performance of a specified tas
gradually improved or perfected based on the previous per
mances of identical tasks. The concept of ‘‘practice’’ to impro
performance is emphasized in all areas of human endeavor su
gymnastics or a musical performance. In the same way, lear
controllers attempt to tune the performance of a system on a g
trajectory by learning through practice. Additionally, learnin
control can be used effectively when the plant cannot be mod
accurately. The most commonly seen applications of learning c
trol are in the area of robot control in manufacturing and prod
tion industries. Typically, a robot is required to perform a sing
task, say pick-and-place an object along a given trajectory, rep
tively. With a feedback controller alone, the same tracking er
would persist in every repeated trial. In contrast, a learning c
troller can use the information from the previous execution
improve the tracking performance in the next execution. While
some applications, the need to repeat a trajectory multiple ti
for learning may be a distinct disadvantage, in many other ap
cations, repetitive tasks are commonly performed making learn
control a very natural solution.

For more than a decade researchers have defined and ana
iterative learning control~ILC! schemes. First introduced in 198
by Arimoto et al.@1# and Craig@2# and later modified by many
others including Kawamura et al.@3#, Atkeson et al.@4# and
Bondi et al.@5#, ILC schemes strive to improve the performan
of repetitive tasks using the information of the previous trial of t
same task. Modifications of the basic ILC algorithm, such
P-type, PD-type, and PID-type, have evolved in the process.
robustness of the ILC algorithms to disturbances, uncertain
and initialization errors is still an active area of research. Arim
@6# analyzed the robustness of a PI-type ILC algorithm to error
initialization, measurement and fluctuation during operation,
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introduced a ‘‘forgetting factor’’ into the ILC to enhance it. I
model-based ILC schemes@4#, the inputs corresponding to th
desired and actual trajectories are computed from the estim
system parameters and the resulting input error is fed into
learning operator. The performance of this algorithm depends
the quality of the parameter estimates. A more common appro
is to operate on the output errors directly. It is shown in@7# that
the model-based learning scheme in@4# is a special case of this
more general approach. Sugie and Ono@8# demonstrate the neces
sity of the use of the error derivative in the learning control p
cess for dynamical plants that do not have a direct transmis
term. Based on the time-varying nonlinear extension result
Hauser@7#, Heinzinger et al.@9# showed that under certain as
sumptions, the asymptotic tracking errors are bounded and
bounds are continuous functions of the initial errors, uncertaint
and disturbances. Chen et al.@10# proposed a way to adjust th
final tracking error bound to a prescribed level with the use of
current iteration tracking error, in the presence of uncertaint
disturbances, and initialization errors.

Gao and Chen@11# have illustrated with counter examples th
limitations of some of these learning algorithms with regard
nonminimum phase systems. To remove the minimum phase
quirement, they developed a new learning algorithm for line
systems based on ‘‘stable inversion’’@12#.

Similar concept of system inversion of nonminimum pha
plants appears in the work of Tomizuka@13,14#. Tomizuka et al.
describe the noncausal~pseudo-! inversion of plants with known
delay for linear discrete-time systems@13,14#. The work of Deva-
sia et al. @12# involves noncausal exact inversion of nonline
continuous-time systems: both papers use the concepts of ac
filters and the notion of zero-phase appears. In our paper,
controller is acausal and the controller-plant cascade is unity f
linear plant and therefore zero phase at all frequencies.
controller-plant cascade in@13,14# is zero-phase at all frequencie
but unity gain only at low frequencies.

Learning control takes advantage of previous attempts at
ecuting a particular trajectory to do better in successive attem
Such a system is depicted in Fig. 1 where a desired trajectoryd
is to be tracked~as closely as possible!. An initial input u0 drives
the system, the corresponding outputy0 is compared toyd and the
error is used to compute the next trial inputu1 . An underlying
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assumption or constraint in learning control is that the system
reinitialized at each new trial. This may be accomplished via
additional control or it may be an approximation~e.g., if the sys-
tem is stable and a zero input is applied, the system state is p
close to 0 after several time constants!. This contrasts with the
formulation in repetitive control where no such resetting occu

The important fact presently known about the learning con
paradigm is that it is a powerful method of achieving hig
performance tracking in practical systems. Further, converge
results for the methods referenced above give us some un
standing that the systems for which learning control is applica
is still limited. For example, it was not known how to desig
learning control algorithms for systems with relative degr
greater than one, and for nonlinear systems requiring glob
convergent algorithms. Also, in this work, like many other pre
ous work it is necessary to differentiate the output which restr
the class of nonlinear plants, for example: nonlinear plants w
output sensor noise cannot be considered. In this paper, we d
a scheme that eliminates the relative-degree one constraint.
results are local however. In addition, through the use of n
causal inversion of the plant we state our assumptions in relati
straightforward terms. In contrast to most other ILC algorithm
which use abstract constraints on the plant and controller with
clear physical interpretations, the establishment of convergenc
our algorithm is based on relatively straightforward assumpti
with unambiguous physical meanings.

Finally, the inversion-based approach we take in this paper c
verges in one iteration in the linear case. Thus we expect that
scheme will have rapid convergence when applied to nonlin
systems meeting the assumptions of smoothness that we im
We establish convergence but not convergence rates in the
linear case however. In this paper, we propose a robust itera
learning control algorithm for a class of nonlinear nonminimu
phase plants with input disturbances. In Section 2, a ‘‘stable
version’’ based noncausal learning algorithm is derived for lin
nonminimum phase plants. A modification of this algorithm
also proposed to make it more robust. In Section 3, we extend
stable inversion based ILC scheme to nonlinear nonminim
phase plants and input disturbances. A proof of convergenc
the input trajectory to a neighborhood of the desired one is a
provided. Simulation examples are presented to show the pe
mance of the proposed learning controller. In Section 4, it is
served that near perfect tracking of the desired trajectory
achieved if the input disturbance is the same at every iteratio
the ILC. Finally, Section 5 concludes the paper.

2 Stable Inversion Based Learning Algorithm
In this section we briefly review the stable inversion bas

learning algorithm~see@12,11#! and propose a modification of th
same to improve robustness. Consider a plantP, assumed to be
linear, for simplicity. We also assume:~1! the plant~P! is SISO;
~2! the relative degreer of the plant is known;~3! the plant is
asymptotically stable;~4! P has no zeros on thej v axis; ~5! the
desired trajectoryyd(t), tP@0,T# is smooth, specificallyyd(•)
PCr@0,T#; ~6! output disturbances are absent.

Fig. 1 Iterative learning control for linear plants. „a… Update
law is given by „9…; „b… Update law is given by „10…. LC : learning
controller, T : truncation operator.
22 Õ Vol. 123, MARCH 2001
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2.1 Learning Control Algorithm for Linear Plants. For a
system satisfying the above assumptions, a learning con
scheme is described as shown in Fig. 1~a!. The learning operator
is thought of as an inverse of the given plant. If the inverse sys
is stable, the update law of the learning controller is obtained
ui 11(t)5ui(t)1P21@yd(t)2yi(t)#. The update law~with u0
5T (u0)! is given as:

ui 11~ t !5T ~ui~ t !1P21@yd~ t !2yi~ t !# !;

5ui~ t !1T ~ui~ t !1P21@yd~ t !2yi~ t !# !;
(1)

5ui~ t !2ui~ t !1T ~P21yd~ t !!

5T ~P21yd~ t !!,

where T is the truncation operator, such thatT (x(t))5x(t);t
P@0,T#; andT (x(t))50 otherwise andP21 is the mapping that
give us the inputu corresponding to an output i.e.,P21: L`

→L` ; P21: yd(•)°ui(•). It is to be noted that ifu05T (u0),
T (ui(t)1dui(t))5ui(t)1T (dui(t)) for all i. ~Note that in Fig. 1
the truncation operatorT is placed before the summing junction!
If the system has relative degreer 51, then the plant can be writ
ten in state space form as:

ẋ~ t !5Ax~ t !1Bu~ t !, x~0!50,

y~ t !5Cx~ t ! (2)

ẏ~ t !5Cẋ~ t !5CAx~ t !1CBu~ t !; where CBÞ0;

where APRn3n, BPRn31, CPR13n, DPR; x(t)PRn, u(t)
PR. Since the plant is stable, we can replacex(0)50 with x
(6`)50 and not alter the I-O map defined by~2!. If the relative
degreer .1 (CB50) check the second derivative:

ÿ~ t !5CA2x~ t !1CABu~ t ! If r 52, CABÞ0, else CAB50
(3)

Then continue differentiatingy(t) until u(t) appears algebraically
for the first time:

yr~ t !5CArx~ t !1CAr 21Bu~ t ! and CAr 21BÞ0, (4)

where,yr(t) denotes therth derivative ofy(t). Similarly, we can
write:

yd
r ~ t !5CArx~ t !1CAr 21Bud~ t ! (5)

Thus, solving~4! for u leads to:

u~ t !5~CAr 21B!21@yr~ t !2CArx~ t !# (6)

Therefore, du(t)5ud(t)2u(t)52(CAr 21B)21CArx(t)
1(CAr 21B)21@yd

r (t)2yr(t)#. Substitutingdu(t) in ~2! in place
of u(t) gives:

ẋ̄i~ t !5Āx̄i~ t !1B̄~yd
r ~ t !2yi

r~ t !!, x̄i~6}!50
(7)

dui 11~ t !5C̄x̄i~ t !1D̄~yd
r ~ t !2yi

r~ t !!

wherei is the index of iteration and

Ā5A2B~CAr 21B!21CArPRn3n

B̄5B~CAr 21B!21PRn31

C̄52~CAr 21B!21CArPR13n

D̄5~CAr 21B!21PR

Since the linear controller described by the above equations
have unstable eigenvalues, the noncausal solution approac
@12# is adopted under the boundary condition assumptionx̄i(6
})50 ~see Appendix D!. Since the operationP21(yd(t)2y(t))
~in ~1!! is first performed and then the solution is truncated
take the boundary values ofP21 at 6`. For a linear system this
simply means that the impulse response decays away expo
Transactions of the ASME
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tially in both time directions. This is the time-domain framewo
consistent with the use of Fourier transforms. Closed-form so
tion exists for linear disturbance-free case. For a real matrixĀ ~in
~7!!, there exists an invertiblen3n matrix V such that J
5V21AV, whereJ is the real Jordan form ofĀ. Therefore with
the coordinate transformationx5Vz and decoupling the system
into ‘‘stable’’ and unstable subsystems, we can rewrite the c
troller as:

(8)

whereAs has all its eigenvalues in the closed left-half plane~it
will have r zero eigenvalues! andAu has all its eigenvalues in th
open right-half of the complex plane. The system can thus
decoupled into a ‘‘stable subsystem’’ and an unstable subsys
With the boundary conditionsZ(6})50, the stable subsystem i
integrated forward in time to calculatezs(t), while the unstable
subsystem is integrated backward in time to calculatezu(t). How-
ever, a limitation of this algorithm is that, the calculations ofzs(t)
is difficult, sinceAs hasr zero eigenvalues. The learning contro
ler is not robust to initialization errors and noise. To alleviate t
problem we propose a modification based on the generalizatio
the following example. Let a linear plant with relative degreer
51 be represented by the following transfer function.

Y~s!5H~s!U~s!; therefore,

Ẏ~s!,LS d

dt
y~ t ! D5sH~s!U~s!2y~0!;

whereL represents Laplace transform,y(0) is the initial condi-
tion on y. This implies that the transfer function of the learnin
controller is:

(9)

neglecting the initialization error. Note that the transfer functi
of the learning controller has a pole ats50. However, taking
dy1d ẏ as the input to the learning controller, rather thand ẏ, it is
seen that the controller transfer function has a stable pole
521 instead of at s50 as shown below

(10)

In time domain the learning controller can be split into stable a
unstable parts as shown in Eq.~8! to obtain a stable noncausa
inverse of the plant. It can be seen that the modified learn
controller is more robust to initialization errors. If the relativ
degree r .1, the input to the learning operator is given b
Pr (d/dt)e where e5yd2yi and Pr is a stable polynomial of
order r as shown in Fig. 1~b!.
Journal of Dynamic Systems, Measurement, and Control
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3 Nonlinear Nonminimum Phase Plant With Input
Disturbances

In this section, we present a robust iterative learning algorit
for nonlinear systems with well-defined relative degree. We c
sider only time-invariant nonlinear systems in this section.

3.1 System Description. Consider a nonlinear system
which is stable-in-first-approximationat x50 and also input-to-
state stable:

ẋi~ t !5 f ~xi~ t !!1g~xi~ t !!ui~ t !, xi~0!50
(11)

yi~ t !5h~xi~ t !!;

where i is the index of iteration of ILC,$ui% i 50
` is the input se-

quence,xi(t)PRn, ui(t)PRm, yi(t)PRm and f :Rn→Rn, g:Rn

→Rn3m, h:Rn→Rm. For the sake of simplicity we consider th
case relative degreer 51. The objective of learning is to construc
a sequence of input trajectories$ui% i 51

` such thatui→u* and
u* (t) causes the system to track a trajectoryyd(t) ‘‘as closely as
possible’’ on@0,T#

ẋd~ t !5 f ~xd~ t !!1g~xd~ t !!ud~ t !, xd~0!50,
(12)

yd~ t !5h~xd~ t !!;

is satisfied;tP@0,T#. To model input disturbances, the pla
equation~11! is modified:

ẋi~ t !5 f ~xi~ t !!1g~xi~ t !!ui~ t !1b~xi~ t !!wi~ t !, xi~0!50
(13)

yi~ t !5h~xi~ t !!;

where b:Rn→Rn and wi(t)PR. The functionwi(t) represents
both deterministic and random bounded disturbances of the
tem; it may be stiction, nonreproducible friction, modeling erro
etc.

We make the following assumptions:
~A1! The functionsf (•), g(•), h(•), hx(•) are continuously
differentiable andb(•) is continuous.
~A2! yd(•)PCt, where r 51 is the relative degree of the
system.
~A3! u0PL}ùC0ùBr .
~A4! The system isstable-in-first-approximationand input-to-
state stable.~Note: If the system is not stable, it may be stab
lized prior to application of our methods.!
~A5! The system has hyperbolic zero-dynamics.
~A6! The disturbancewi(•) is bounded bybw ~i.e., iwi(t)i
<bw! and continuous.

For such a system a learning algorithm is proposed as show
Fig. 2. This learning control scheme is very similar to Fig. 1~b!,
except thatP in Fig. 1~b! is a linear plant whileP here refers to a
nonlinear plant.

Fig. 2 Nonlinear learning control system. DNz0
À1 is the learn-

ing controller.
MARCH 2001, Vol. 123 Õ 23
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3.2 Formulation of the Learning Controller. In this sec-
tion, we derive a good candidate for the learning contro
DNu0

21 ~shown in Fig. 2! by linearizing the plant. From the stabl
nonlinear system~13! we define an input-to-output nonlinear pla
P ~stable in first approximation! as follows:

P:ui°yi .

If xi(t) is a solution to the differential equation~13!, then ixi i}
,M,` ~by the input-to-state stability assumption!. From the
compactness ofxi and continuity of the functionh and using
Theorem 4.15 in@15# we can write from~13!: yi(•)PL` . By the
chain ruleẏi(t)5hx(xi(t)) ẋi(t). Again from the differentiability
of xi , h andhx ~Assumption A1!, and using Theorem 5.5 in@15#
we obtain:yi(•)PC1. Henceẏi(•)PC0. From Theorem 4.15 in
@15# we obtain:ẏi(•)PL` . Hence we have.

P:ui°yi (14)

P:C0ùL`→C1ùL` (15)

Define a linear operatorDT,(11d/dt). Thus,

DT~dyi !5dyi1d ẏi (16)

where,dyi5yd2yi andd ẏi5 ẏd2 ẏi . We have assumedydPCr

~r 51 is the relative degree! andydPL` whereyd is the desired
output-trajectory. Also we have proved thatyiPC1ùL` . Hence,
dy5yd2yiPC1ùL` . By similar arguments we can say,d ẏ
5 ẏd2 ẏiPC0ùL` . Therefore,

DT:dyi°dyi1d ẏi

DT:C1ùL`→C0ùL` .

Define a nonlinear operatorN as:

N,2~DT+P!:ui°2~dyi1d ẏi ! (17)
C0ùL`→C0ùL` .

A linear operatorDPu0 is defined by linearizing the system~13!
around~x50, u50, w50! as follows:

ḋ x̄i~ t !5Ād x̄i~ t !1b̄dūi~ t !, d x̄i~0!50
(18)

d ȳi~ t !5C̄d x̄i~ t !.

whereĀ, f x(0); b̄,g(0); C̄,hx(0).
Since the plant is stable in first approximation,Ā is Hurwitz in

~18! we can replaced x̄i(0)50 with d x̄i(6`)50 and not alter
the I-O map defined by~18!.

Defining DNu0 & DNu0
21

Fig. 3 Tracking of nonlinear nonminimum phase system with-
out input disturbance after 3 iterations
24 Õ Vol. 123, MARCH 2001
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Now we define a linear operatorDNu0 as:

DNu0,DT+DPu0 :dūi°d ȳi1d ẏ̄i (19)

Thus, DNu0(dūi)5(C̄1C̄Ā)d x̄i(t)1C̄b̄dūi(t)5d ȳi1d ẏ̄i ,
where,d x̄i is a solution to~18!

~d ẏ̄iPC0ùL`!.

Therefore,

DNu0 :C0ùL`→C0ùL` .

The linear operatorDNu0 is invertible, sincer 51, C̄b̄Þ0 ~see
proof of Lemma 1!. The learning controller (DNu0

21) is defined by
the following equations:

ḋ x̄i~ t !5Ād x̄i~ t !1b̄~C̄b̄!21@d ȳi~ t !1d ẏ̄i~ t !

2~C̄1C̄Ā!d x̄i~ t !#, x̄i~6`!50

5@Ā2b̄~C̄b̄!21~C̄1C̄Ā!#d x̄i~ t !

1b̄~C̄b̄!21@d ȳi~ t !1d ẏ̄i~ t !#;
(20)

dūi~ t !5~C̄b̄!21@d ȳi~ t !1d ẏ̄i~ t !2~C̄1C̄Ā!d x̄i~ t !#.

Since the system is hyperbolic~Assumption 5!, with the boundary
conditions we can obtain the solution for the above system us
the ‘‘stable noncausal’’ approach of@12#. Hence the linear opera
tor DNu0

21 is defined as:

DNu0
21:C0ùL`→C0ùL` ;

~d ȳi1d ẏ̄i !°dūi ;

Denotingdxi5xd2xi , dyi5yd2yi and dui5ud2ui , we de-
rive ~by Taylor series expansion! a linearized plant from~13! as
follows:

ẋi~ t !1 ḋxi~ t !5 f ~xi~ t !1dxi~ t !!1g~xi~ t !1dxi~ t !!•@ui~ t !

1dui~ t !#;
(21)

' f ~xi~ t !!1 f x~xi~ t !!dxi~ t !1@g~xi~ t !!

1gx~xi~ t !!dxi~ t !#@ui~ t !1dui~ t !#;

~by Taylor series expansion and neglecting h.o.t! where

f x~xi~ t !!,
] f

]x
~xi~ t !!; gx~xi~ t !!,

]g

]x
~xi~ t !!

Also, yi(t)1dyi(t)5h(xi(t)1dxi(t)).

Subtracting~13! from ~21! and neglecting h.o.t we obtain the lin
earized plant~around the solutionxi(t) to ~13! as:

ḋxi~ t !5 f x~xi~ t !!dxi~ t !1g~xi~ t !!dui~ t !1gx~xi~ t !!dxi~ t !ui~ t !

2b~xi~ t !!wi~ t !, dxi~0!50
(22)

dyi~ t !5hx~xi~ t !!dxi~ t !;

Since~18! is stable, it can be proved by Lyapunov methods th
~22! is also BIBO stable ifxi lies within a certain bound. Note
that, here also we can replacedxi(0)50 ~as in 18! with dxi(6
})50 and not alter the I-O map. DefineAi(t), f x(xi(t))
1gx(xi(t))ui(t), Bi(t),g(xi(t)), Ci(t),hx(xi(t)),
bi(t),b(xi(t)). The stable linear system~22! has a solution and
defines a linear I-O map:

DPuui
:dui→dyi ; C0ùL`→C1ùL` .

d ẏ(t)5hx(xi(t))d ẋi(t)1hxx(xi(t)) ẋidxi(t). We can argue,
d ẏ(•)PC0ùL` . Define a linear operatorDNuui

as:
Transactions of the ASME
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DNuui
,DT+DPuui

:dui°dyi1d ẏi
(23)

C0ùL`→C0ùL`

In an iterative learning control process, as shown in Fig. 2
each learning stepi, the control inputui is updated asui 11
5T (ui1dūi). The sum of the error in the output sign
(d ȳi,yd2yi) and the error in its derivative (d ẏ̄i, ẏd2 ẏi) is the
input to the learning operator, whiledūi is the output. Since it is
assumed in this section that the nonlinear system is of rela
degree 1, it is necessary to take the derivative of the outpu
invert the system. In practice, the differentiation can only be
proximated because of the presence of the output sensor n
For the clarification of the remaining discussion, function para
eters will be shown in subscript notation with the dependence
time implied unless otherwise stated.

Now the iterative update law of ILC can be written in terms
the operatorN andDNu0

21 as follows:

ui 115T ~ui1dūi !5T ~ui1~C̄b̄!21@d ȳi1d ẏ̄i2~C̄1C̄Ā!d x̄i # !,

where,d x̄i is a solution to~18!

5ui1T ~DNu0
21~d ȳi1d ẏ̄i !!5ui2T ~DNu0

21N~ui !! (24)

We now present the following lemma establishing when a n
causal solution is required for a nonlinear plant:

Lemma 1. If a nonlinear system with a well-defined relat
degree and hyperbolic zero-dynamics is nonminimum-phase
zero-dynamics is unstable), the linearized plant (about equi
rium point (0,0)) has unstable zeros.

Proof: See Appendix A.
From Lemma 1 we can conclude that if the given nonline

system has unstable zero-dynamics, thenDNu0
21 has unstable ei-

genvalues, and hence it is necessary to apply the stable nonc
inversion process@12# on DNu0 as described in the previou
section.

3.3 Convergence Analysis. Definition 1. We define thel
norm of a function x:@0,T#→Rk by

ix~• !il, sup
tP@0,T#

e2ltix~ t !i (25)

Note thatixil<ixi`<elTixil for l.0, implying that these two
norms are equivalent. Thus convergence results can be pr
using either norm.

Theorem 1. If the assumptions (A1–A6) imposed above hold
then the algorithm (24) produces a sequence of inputs which c
verge to u* if there are no input disturbances (i.e., wi50! and no
initialization error. If wi is bounded, ui converges to B(u* ,r ) as
i→`. The radius r of the ball B(u* ,r ) depends continuously o
the bound on the disturbance wi . If there exists a ud
PL`ùC0@0,T# with P(ud)5yd , then ui converges to the desire
input solution ud .

The proof relies on the application of a variant of the contr
tion mapping theorem@16# to the input sequence. The main idea
to show thatidūi 11il<ridūi il1bd , where 0<r,1(dūi,ud

2ui). This implies that limi→`supidūi il<(12r)21bd , where
bd is a continuous function of the bound on disturbance.

Road Map to Proof: First a mappingT is defined fromui to
ui 11 . Using the fact thatDNuui

is the Frechet derivative ofN and
bounds on the functions likef, g and hx it is proved thatT is a
contraction mapping. Hence the input sequence$ui(•)% i 50

` con-
verges to a ballB(u* ,r ). It is also proved that in the absence
disturbances and initialization errorui converges tou* . More-
over, if 'ud such thatP(ud)5yd , the fixed pointu* of the con-
traction mappingTi(•) is shown to beud .

Proof: Construct the sequence$ui(•)% i 50
` by defining:

u05T ~u0!,
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~i.e., u0 has compact support!

ui 115Txi ~• !@ui~• !#,T ~ui2DNu0
21N~ui !! (26)

whereTxi (•)@ui(•)# is denoted byTi(ui) for simplicity in the rest
of this paper. Now from~24! we can write

iTi~ui !2Ti~v i !i5iT ~ui2DNu0
21N~ui !2v i1DNu0

21N~v i !!i

5iT ~ui2DNu0
21N~ui !2v i

1DNu0
21N~ui1v i2ui !!i (27)

Paden and Chen in@17# show that the Frechet derivative ofN is
given byDNuui

~see Appendix C, Proposition 1!. That is:

lim
udui u→0

iN~ui1dui !2N~ui !2DNuui
@dui #i

idui i
50 (28)

Let s(dui) be defined as:

s~dui !,N~ui1dui !2N~ui !2DNuui
@dui #.

From~28! we can sees is o(dui). Denotingdui,@v i2ui # we can
rewrite ~27! as:

iTi~ui !2Ti~v i !i5iT ~ui2DNu0
21N~ui !2v i1DNu0

21N~ui !

1DNu0
21DNuui

@dui #1DNu0
21s~dui !!i

(29)

Again from the definition of the operatorDNuui
~23! we obtain:

DNuui
:dui°d ȳi1dyG i

d ȳi1dyG i5@hx~xi !1hx~xi ! f x~xi !1hx~xi !gx~xi !ui1hxx~xi ! f ~xi !

1hxx~xi !g~xi !ui1hxx~xi !b~xi !wi #dxi

1hx~xi !g~xi !dui2hx~xi !b~xi !wi ;

From the definition of the linear operatorDNu0
21 ~20!, hx(0)

5C̄, g(0)5b̄ ~18! we can write:

DNu0
21:d ȳi1dyG i°dūi ;

DNu0
21DNuui

dui5dūi5~hx~0!g~0!!21@~hx~xi !1hx~xi ! f x~xi !

1hx~xi !gx~xi !ui1hxx~xi ! f ~xi !

1hxx~xi !g~xi !ui1hxx~xi !b~xi !wi !dxi

1hx~xi !g~xi !dui2hx~xi !b~xi !wi2~hx~0!

1hx~0! f x~0!!d x̄i #;

Sinces(dui) is o(dui),

lim
udui u→0

iDNu0
21iis~dui !i
idui i

50. (30)

This implies that;e1.0, 'd1.0 such thatidui i<d1 implies
uDNu0

21uis(dui)i /idui i<e1 .
Showing T is a Contraction Mapping
Sincexi belongs to a compact set,b(xi), f (xi), g(xi), hx(xi),

f x(xi), gx(xi) andhxx(xi) are bounded and letbb , bf , bg , bhx ,
bf x , bgx , bhxx be the respective norm bounds. Denotingl
5(C̄b̄)21(hx(xi)g(xi))'1 and e5u12 l u,1, choosing ane1
such that (e1e1),1 and using~30!, ~29! can be rewritten as:
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iTi~ui !2Ti~v i !i5iT ~ui2v i1DNu0
21DNuui

@dui #1DNu0
21s~dui !!i

<iT ~ui2v i1DNu0
21DNuui

@dui # !i1DNu0
21s~dui !i

<iT ~2dui1~C̄b̄!21@~hx~xi !1hx~xi ! f x~xi !1hx~xi !gx~xi !ui1hxx~xi ! f ~xi !1hxx~xi !g~xi !ui1hxx~xi !b~xi !wi !dxi

1hx~xi !g~xi !dui2hx~xi !b~xi !wi2~hx~0!1hx~0! f x~0!!d x̄i # !i1e1iT ~dui !i

<iT ~2dui1 ldui1~C̄b̄!21@~hx~xi !1hx~xi ! f x~xi !1hx~xi !gx~xi !ui1hxx~xi !g~xi !ui1hxx~xi ! f ~xi !

1hxx~xi !b~xi !wi !dxi2hx~xi !b~xi !v i2~hx~0!1hx~0! f x~0!!d x̄i !i1e1iT ~dui !i

<~e1e1!iT ~dui !i1i~C̄b̄!21i~2bhx12bhxbf x1bhxxbf1bhxxbgiui i1bhxxbbiwi i !1bhxbgxiui i !iT ~d x̂i !i

1i~C̄b̄!21i~bhxbbbw!

5~e1e1!iT ~dui !i1k1iT ~d x̂i !i1i~C̄b̄!21i~bhxbbbw!) (31)
of

.

-
tem
where d x̂i,argmax$dxi ,d x̄i%
(idxii,id x̄ii) and k15i(C̄b̄)21i(2bhx

12bhxbf x1bhxxbf1bhxxbgiui i1bhxxbbiwi i1bhxbgxiui i).
We now consider the two casesid x̂i i5id x̄i i or id x̂i i5idxi i

separately.
Case I:id x̂i i5id x̄i i Using Gronwall-Bellman inequality~see

@16# p. 63! we write id x̄i i ~the solution to~18!! in Eq. ~31! in
terms ofidūi i and initial condition as shown in~32!.

iTi~ui !2Ti~v i !i<~e1e1!iT ~dui !i1I T S k1S euĀutid x̄~0!i

1E
0

t

eiĀi~ t2t!iB̄iidūi idt D D I
1i~C̄b̄!21i~bhxbbbw!). (32)

whered x̄(0) is the initial condition of the controller~18!. It can
be shown thatidūi i<k2idui i . Multiplying ~32! by e2l l and de-
fining k,max$k1k2iB̄i,iĀi% and assumingl.k, we have:

e2ltiTi~ui !2Ti~v i !i<~e1e1!e2ltiT ~dui !i

1I T S k1S e~ iĀu2l!tidx~0!i

1kE
0

t

e2lte~k2l!~ t2t!idui idt D I D
1i~C̄b̄!21i~bhxbbbw! (33)

Case II:id x̂i i5idxi i Write idxi i in terms ofidui i using~22!
and the proof follows in the same way~with k251 in this case!.
Noting that the integral is strictly increasing and that for a co
stantikil5k we obtain from~33! taking supover tP@0,T#:

iTi~ui !2Ti~v i !il<Fe1e11
k

l2k
~12e~k2l!T!G idui il

1k1idx~0!i1i~C̄b̄!21i~bhxbbbw!

(34)
26 Õ Vol. 123, MARCH 2001
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Since (e1e1,1), we can find al.k which makesr i5e1e1

1k/l2k(12e(k2l)T),r,1.

iui 112v i 11il<r i iui2v i il1bd<r ir i 21iui 212v i 21il1r ibd

1bd<r2iui 212v i 21il1rbd1bd

wherebd combines the norm bounds of the initial state errors
the controller and input disturbances. Therefore,

lim sup
i→`

iv i 112ui 11il→
1

12r
bd ;

i.e 'N such that; i .N, uiPB(u* ,r ), where u* is the fixed
point of the contraction mappingT andB(u* ,r ) is an open ball of
radius r 5(12r)21bd and centeru* . If the input disturbances
and initialization errors are absent,bd50 and henceui converges
to u* . It can be shown following Theorem 2.1@16# that the fixed
point u* is unique.

If ud exists, u* 5ud

If 'ud such thatP(ud)5yd , the fixed pointu* of the contrac-
tion mappingTi(•) is shown to beud in the absence ofwi and
initialization error. If ui5ud , yi5yd and dyi5yd2yi50. This
implies, the output (dui) of the learning controller is zero
Therefore,

Ti~ud!5T ~ud2DNu0
21N~ud!!

5ud2T ~DNu0
21~yd2yd!!

5ud20

5ud . (35)

Henceu* 5ud .

3.4 Simulation Result. In this section, we perform simula
tion studies with a SISO nonlinear nonminimum phase sys
with input disturbance described by:
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x(0)50 and the initial conditions are reset to zero after ea
iteration. The reference output trajectory is given by:

yd~ t !5H 0.2 sin~ t ! tP@0,2p#

0 otherwise
(37)

The learning controllerDNu0 as given by~20! is:

(38)

x̄i(6})50. Ā is unstable. Hence we apply noncausal stable
version to solve the above differential equation. First we cons
the input random noise is absent (wi50). The simulation result
shows near perfect tracking of the desired trajectory Fig. 3
learning curve is plotted in Fig. 4 to show the convergence of
norm of the output erroriyd2youti .

Next we introducewi as a nontrivial bounded input distur
bances. Simulation~Fig. 5! shows approximate tracking of th
desired trajectory after a couple of iterations.wi is normally dis-
tributed random numbers bounded between61. We have passed
the white noise through a low pass filter to ensure continuity.

Fig. 4 Learning curve to show convergence
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4 Nonlinear Nonminimum Phase Plant With Repeti-
tive Input Disturbances

In this section, we apply the same learning algorithm to a pl
with repetitive input disturbances. To model input repetitive d
turbances, the plant equation~11! is modified as:

ẋi~ t !5 f ~xi~ t !!1g~xi~ t !!~ui~ t !1Du~ t !!, xi~6`!50
(39)

yi~ t !5h~xi~ t !!;

whereDu(t)PR. The functionDu(t) represents unmodelled dy
namics or input disturbance which repeats at every iteration of
ILC system. SinceDu remains the same at every iteration a lea
ing controller can use the information about the disturbance fr
the previous execution to improve the tracking performance in
next execution. We impose the first five assumtions as discu
in Section 3.1 on the given nonlinear system. Assumption 6
replaced by Assumption 68 which states that:

~A68! The disturbanceDu(•) is continuous and bounded bybu
~i.e., iDu(t)i<bu!.

It is proved in Appendix B that perfect tracking of the desir
trajectory is achieved in this case. Also Matlab simulation~Fig. 6!
shows perfect tracking in presence of the same disturbanc
every iteration of learning.

4.1 Simulation Result. In this section, we perform simula
tion studies with a SISO nonlinear nonminimum phase sys
with repetitive disturbance:

Fig. 5 Tracking of the same system in presence of input dis-
turbance after 3 iterations
MARCH 2001, Vol. 123 Õ 27
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x(0)50 and the initial conditions are reset to zero after ea
iteration. The reference output trajectory is given by:

yd~ t !5H 0.2 sin~ t ! tP@0,2p#

0 otherwise
(41)

The learning controllerDNu0 is given by~38!.
The learning controller discussed in this paper can be applie

a generic class of nonminimum phase plants. However, the
troller design requires the precise knowledge of the lineari
plant. In @18# we present results that allow a inversion based I
for plants with uncertainties. A proof of convergence is presen
along with the condition for convergence that quantify the pert
bation allowable for the learning algorithm to converge. The p
formance of the approach is also illustrated with simulat
results.

5 Conclusion
A stable inversion based learning controller for time-invaria

nonlinear nonminimum phase systems is presented. It guaran
learning under quite general assumptions. Theoritical assert
arc corroborated by simulation results which demonstrate tha
the presence of random input disturbances the tracking erro
uniformly bounded. It is proved that the bound on the track
error is a continuous function of the bound on the input noise
has been also proved that ifui is replaced byui1Du, whereDu
is an unknown function which lumps together various unstr
tured uncertainties due to parameter uncertainty, model simp
cation, unmodelled dynamics, repetitive disturbances and so
~see @16#, p 578!, perfect tracking of the desired trajectory
achieved in the absence of random input disturbance~i.e., wi50!.
Several modifications can be made on the developed algorith
improve its performance. For example, if at any iteration step,

Fig. 6 Tracking of nonlinear nonminimum phase system with
repetitive disturbance after 5 iterations
28 Õ Vol. 123, MARCH 2001
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update law produces an input that is outside the allowable con
set within which the input is constrained to lie, then the project
of the produced input on this convex set must be used instea
the next iteration of learning, as pointed out in@9#. We further
conjecture that the proposed learning algorithm can be rea
extended to slowly time-varying nonlinear systems. Though
class of systems considered here is fairly general, the effec
output sensor noise has not been considered. In practice, de
tives cannot be reliably computed in the presence of output se
noise. Furthermore, the plant may itself produce an output sig
that is not differentiable. This will constitute an interesting ar
for future research.

Nomenclature

i•i 5 Euclidean norm
i f i`,@0,T# 5 sup

tP@0,T#
i f (t)i

L`@0,T# 5 the space of all functions such that
i f i`,@0,T#,` on the closed interval
@0,T#

L` 5 the space of all functions such that
i f i`,` on ~2`,`!

C0@0,T# 5 the space of all continuous functions
on the closed interval@0,T#

Cr@0,T# where (r>1) 5 the space of allr times continuously
differentiable functions on the closed
interval @0,T#

Br@0,T# 5 $ū(•)uū(t)PRr and i ū(•)i,r ,`%
on the closed interval@0,T#

o(h) 5 a functiong(h) is o(h), implies
limihi→0

ig(h)i /ihi50.

Appendix A

Sketch of the Proof of Lemma 1. Consider a nonlinear sys
tem given by:

ẋ5 f ~x!1g~x!u
(42)

y5h~x!

with a well-defined relative degreer<n. Let thenormal formof
the above system be given by

j̇15j2

j̇25j3

]5]

(43)
j̇ r5b~j,h!1a~j,h!u

ḣ5q~j,h!

y5j1

First we need to show that the linear approximation of equati
in normal form coincides with the normal form of the linear a
proximation of the original description of the system and th
amounts only to show that the relative degree of the system
Transactions of the ASME
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that of its linear approximation are the same. To this end, supp
that the vector fieldf (x) has an equlibrium atx50, i.e., f (0)
50, and consider forf (x) an expansion of the form

f ~x!5Ax1 f 2~x! with A5F ] f

]xG
x50

and F] f 2

]x G
x50

50

which separates the linear approximationAx from the higher-
order term f 2(x). Similarly expand h(x)5Cx1h2(x) where
h(0)50: C5@]h/]x#x50 and @]h2 /]x#x5050. Also expand
g(x) asg(x)5B1g1(x) with B5g(0). Therefore, the linear ap
proximation of the system atx50, is defined asẋ5Ax1Bu: y
5Cx. It can be shown, by induction, that

L f
kh~x!5CAkx1dk~x!: where dk~x!is such that

@]dk /]x#x5050.

From this it can be deduced that

CAkB5LgL f
kh~0!50 for all k,r 21

CAr 21B5LgL f
r 21h~0!Þ0

i.e. the relative degree of the linear approximation of the system
x50 is exactlyr. From this fact it can be concluded that takin
the linear approximation of the equations in the normal form~43!
based on expansions of the form:

b~j,h!5Rj1Sh1b2~j,h!

a~j,h!5K1a1~j,h!

q~j,h!5Pj1Qh1q2~j,h!

yields a linear system in normal form

j̇15j2

j̇25j3

]5]

(44)
j̇ r5Rj1Sh1Ku

ḣ5Pj1Qh

y5j1

It is shown by@19# that the eigenvalues ofQ coincide with the
zeros of the linear system given by~44!. Also note that the Jaco
bian matrix@]q/]h# (j,h)50 describes the linear approximation
h50 of the zero dynamics of the original nonlinear system~43!.
Therefore, if a nonlinear system is nonminimum phase~linearized
zero dynamics has atleast one unstable eigenvalue!: the zeros of
the transfer function of the linear approximation of the origin
system atx50 are not all stable.

Appendix B
Convergence Analysis in Presence of Repetitive Distur

bance.From the stable nonlinear system~39! we define an input-
to-output nonlinear mapP as follows:

P:ũi°yi ,

whereũi,ui1Du ~a computed input!. Define a nonlinear opera
tor Ñ as:

N,2~DToP!:ũi°2~dyi1d ẏi ! (45)
L`→L` .

Denotingdxi5xd2xi , dyi5yd2yi anddui5ud2ui2Du, we
derive~by Taylor series expansion! a linearized plant from~13! as
follows:
Journal of Dynamic Systems, Measurement, and Control
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ẋi~ t !1 ḋxi~ t !5 f ~xi~ t !1dxi~ t !!1g~xi~ t !1dxi~ t !!•@ui~ t !

1dui~ t !1Du#;

' f ~xi~ t !!1 f x~xi~ t !!dxi~ t !1@g~xi~ t !!

1gx~xi~ t !!dxi~ t !#@ ũi~ t !1dui~ t !#; (46)

~By Taylor series expansion and neglecting h.o.t! where

f x~xi~ t !!,
] f

]x
~xi~ t !!; gx~xi~ t !!,

]g

]x
~xi~ t !!;

ũi~ t !5ui~ t !1Du

Also, yi(t)1dyi(t)5h(xi(t)1dxi(t)).
Subtracting~39! from ~46! and neglecting h.o.t we obtain th

linearized plant~around the solutionxi(t) to ~39!! as:

ḋxi~ t !5 f x~xi~ t !!dxi~ t !1g~xi~ t !!dui~ t !

1gx~xi~ t !!dxi~ t !ũi~ t !, dxi~0!50
(47)

dyi~ t !5hx~xi~ t !!dxi~ t !;

Since~18! is stable, it can be proved by Lyapunov methods th
~47! is also BIBO stable ifxi lies within a certain bound. Note
that, here also we can replaced x̃i(0)50 ~as in 18! with d x̃i
(6`)50 and not alter the I-O map. Now replacingui(t) by ũi(t)
it can be proved in the same way as in Section 3.3 that the
quence of input converges tou* (t).

Appendix C
Proposition 1. Consider the nonlinear plant P described by t

following differential equation

ẋ5 f ~x,u!; x~0!5x0 (48)

on the interval [0,T] where f:Rn3Rm→Rn is smooth in x and u,
and iui`5suptP@0,T#iu(t)i2,M ; T is chosen such that solution
exists on@0,T#;uPL` satisfying the bound. Letfu(t,x0) denote
the solution of the differential equation on [0,T]. The Frech
derivative Dufu(t,x0):L`@0,T#→L`@0,T# of the map u(•)
°fu(•,x0) is given by

Dufu~ t,x0!z5DPuuz5E
0

t

F~ t,t!
] f

]u
@fu~t,x0!,u~t!#z~t!dt

(49)

whereF(t,t) is the state transition matrix for

ẋ5F ] f

]x
~fu~ t,x0!,u~ t !!Gx. (50)

Proof: See@17# for proof.

Appendix D

Boundary Value Problem for Nonminimum Phase Systems.
A nonlinear nonminimum phase system can be viewed as a m
ping of C@0,̀ # to C@0,̀ # or as a mapping fromL @2`,`# to L @2`,`# .
In the first case the inverse mapping is unbounded, while in
second, it is bounded but noncausal. It is the second view
enables a proper perspective on tracking control problems as f
forward need not be computed causally from sensor outputs.

If a nonlinear plant with hyperbolic zero dynamics is nonmin
mum phase, the inverse of the linearized plant is unstable. He
we perform stable noncausal inversion of the linearized plan
obtain the learning controller for ILC scheme described in Sect
3. An essential element to solving this problem is finding a so
tion meeting boundary conditions at6`. Hence for the linear
learning controller this reduces to finding solutions to

ẋ5Ax1Bu; x~6`!50. (51)
MARCH 2001, Vol. 123 Õ 29
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where we assume thatA has no j v-axis eigenvalues andu
PL1ùL` . Without loss of generality, assume thatA is block
diagonal:

A5FA2 0

0 A1
G

whereA2 and 2A1 are both Hurwitz. It is easily verifiable by
substitution into~51! ~using the notation 1(t) for the unit step
function!, a bounded state-transition matrix can be defined by

f~ t !5F1~ t !eA2t 0

0 21~2t !eA1tG , (52)

and that the solution to Eq.~51! meeting the boundary condition
x(6`)50 has the form

x~ t !5E
2`

1`

f~ t2t!Bu~t!dt (53)

Define a mappingA:L1ùL`→L1ùL` as the mapping takingu to
x in Eq. ~51!. That isA:u°x

References
@1# Arimoto, S., Kawamura, S., and Miyazaki, F., 1984, ‘‘Bettering Operation

Dynamic Systems by Learning: A New Control Theory for Servomechan
or Mechatronics Systems,’’Proc. of 23rd Conference on Decision and Co
trol, Dec., pp. 1064–1069.

@2# Craig, J. J., 1984, ‘‘Adaptive Control of Manipulators through Repeated T
als,’’ Proc. of American Control Conference, pp. 1566–1573.

@3# Kawamura, S., Miyazaki, F., and Arimoto, S., 1988, ‘‘Realization of Rob
Motion Based on a Learning Method,’’ IEEE Trans. Syst. Man Cybern.,18,
No. 1, Jan., pp. 126–133.

@4# Atkeson, C. G., and McIntyre, J., 1986, ‘‘Robot Trajectory Learning throu
Practice,’’ IEEE International Conference on Robotics and Automation, A
pp. 1737–1742.
30 Õ Vol. 123, MARCH 2001
of
sm
-

ri-

ot

gh
r.,

@5# Bondi, P., Casalino, G., and Gambardella, L., 1988, ‘‘On the Iterative Lea
ing Control Theory for Robotic Manipulators,’’ IEEE Trans. Rob. Autom.,4,
No. 1, Feb., pp. 14–21.

@6# Arimoto, S., 1990, ‘‘Robustness of Learning Control for Robot Manipu
tors,’’ IEEE International Conference on Robotics and Automation, pp. 152
1533.

@7# Hauser, J. E., 1987, ‘‘Learning Control for a Class of Nonlinear System
Proc. of 28th Conference on Decision and Control, Dec., pp. 859–860.

@8# Sugie, T., and Ono, T., 1991, ‘‘An Iterative Learning Control for Dynamic
Systems,’’ Automatica,27, No. 4, pp. 729–732.

@9# Heinzinger, G., Fenwick, D., Paden, B., and Miyazaki, F., 1992, ‘‘Stability
Learning Control with Disturbances and Uncertain Initial Condition,’’ IEE
Trans. Autom. Control,AC-37, No. 1, Jan., pp. 110–114.

@10# Chen, Y., Wen, C., and Sun, M., 1997, ‘‘A Robust High-order P-type Iterat
Learning Controller Using Current Iteration Tracking Error,’’ Int. J. Contro
68, No. 2, pp. 331–342.

@11# Gao, J., and Chen, D., 1998, ‘‘Iterative Learning Control for Non-minimu
Phase Systems,’’Personal Communication.

@12# Devasia, S., Chen, D., and Paden, B., 1996, ‘‘Nonlinear Inversion-Based
put Tracking,’’ IEEE Trans. Autom. Control,AC-41, No. 7, July, pp. 930–
942.

@13# Tomizuka, M., Tsao, T., and Chew, K., 1989, ‘‘Analysis and Synthesis
Discrete-Time Repetitive Controllers,’’ ASME J. Dyn. Syst., Meas., Contr
111, Sept., pp. 353–358.

@14# Tomizuka, M., 1987, ‘‘Zero Phase Error Tracking Algorithm for Digital Con
trol,’’ ASME J. Dyn. Syst., Meas., Control,109, Mar., pp. 65–68.

@15# Rudin, W., 1976,Principles of Mathematical Analysis, Mathematics Series,
McGraw-Hill International Editions, Third Edition.

@16# Khalil, H. K., 1996,Nonlinear Systems, Prentice Hall, Englewood Cliffs, NJ,
Second Edition.

@17# Paden, B., and Chen, D., 1992, ‘‘A State-Space Condition for Invertibility
Non-minimum Phase Systems,’’Advances in Robust and Nonlinear Contro
Systems, ASME, Vol. 43, Nov. pp. 37–41.

@18# Ghosh, J., and Paden, B., 2000, ‘‘Pseudo-Inverse Based Iterative Lea
Control for Nonlinear Plants with Unmodelled Dynamics.’’Proc. of American
Control Conference, Dec., submitted.

@19# Isidori, A., 1995,Nonlinear Control SystemsCommunication and Control En-
gineering Series, Springer-Verlag, Third Edition.
Transactions of the ASME


