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1 Introduction introduced a “forgetting factor” into the ILC to enhance it. In

Iterative learning contro{ILC) refers to a class of self-tuning :jnoqlel;jbaszd ILtC Isctfhe_met{é]_, the inputs cct)r:je?pondtlrr:g tot_thet d

controllers where the system performance of a specified task fgSired and actual trajéctories aré computed from the estimate
ystem parameters and the resulting input error is fed into the

gradually improved or perfected based on the previous perf . ) .
mances of identical tasks. The concept of “practice” to improv arning operator. The performance of this algorithm depends on

performance is emphasized in all areas of human endeavor sucigsduality of the parameter estimates. A more common approach
gymnastics or a musical performance. In the same way, learniiigt® Operate on the output errors directly. It is showri#hthat
controllers attempt to tune the performance of a system on a gi model-based learning scheme[4] is a special case of this
trajectory by learning through practice. Additionally, learningnore general approach. Sugie and @8bdemonstrate the neces-
control can be used effectively when the plant cannot be model@i#y of the use of the error derivative in the learning control pro-
accurately. The most commonly seen applications of learning cdi®ss for dynamical plants that do not have a direct transmission
trol are in the area of robot control in manufacturing and produg¢erm. Based on the time-varying nonlinear extension result of
tion industries. Typically, a robot is required to perform a singl&lauser[7], Heinzinger et al[9] showed that under certain as-
task, say pick-and-place an object along a given trajectory, repeti#mptions, the asymptotic tracking errors are bounded and the
tively. With a feedback controller alone, the same tracking errd®wounds are continuous functions of the initial errors, uncertainties,
would persist in every repeated trial. In contrast, a learning coand disturbances. Chen et f10] proposed a way to adjust the
troller can use the information from the previous execution tfinal tracking error bound to a prescribed level with the use of the
improve the tracking performance in the next execution. While igurrent iteration tracking error, in the presence of uncertainties,
some applications, the need to repeat a trajectory multiple timgisturbances, and initialization errors.

for learning may be a distinct disadvantage, in many other appli-Gao and Chefi11] have illustrated with counter examples the
cations, repetitive tasks are commonly performed making learningitations of some of these learning algorithms with regard to
control a very natural solution. _ nonminimum phase systems. To remove the minimum phase re-
_ Formore than a decade researchers have defined and analyzggbment, they developed a new learning algorithm for linear
|terat|ye learning controllLC) _schemes. First |ntro_quced in 1984systems based on “stable inversiofi2].

by Arimoto et al.[1] and Craig[2] and later modified by many “gjmilar concept of system inversion of nonminimum phase
others including Kawamura et a[3], Atkeson et al.[4] and  5jants appears in the work of Tomizuk&3,14. Tomizuka et al.
Bondi et al.[5], ILC schemes strive to improve the perfqrmancgescribe the noncausgiseudo) inversion of plants with known

of repetitive taskg using the |nformat|on of the previous trial of thﬁelay for linear discrete-time systerf3,14. The work of Deva-
same task. Modifications of thﬁ basic I:‘C a_lgotzlthm, such ??a et al.[12] involves noncausal exact inversion of nonlinear
P-type, PD-type, and PID-type, have evolved in the process. Sntinuous-time systems: both papers use the concepts of acausal

robustness of the ILC algorithms to disturbances, uncertainti ;
and initialization errors is still an active area of research. Arimot@%ers and the notion of zero-phase appears. In our paper, the

[6] analyzed the robustness of a Pl-type ILC algorithm to errorsr[f?ntro”er is acausal and the controller-plant cascade is unity for a
|

initialization, measurement and fluctuation during operation, al jear plant and therefore zero phase at all frequenues._ The
controller-plant cascade [13,14] is zero-phase at all frequencies
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2.1 Learning Control Algorithm for Linear Plants.  For a
system satisfying the above assumptions, a learning control
scheme is described as shown in Figp)1The learning operator
is thought of as an inverse of the given plant. If the inverse system
is stable, the update law of the learning controller is obtained as
A Ui (D) = Ui (1) + P yg(t) —yi(t)]. The update law(with ug

@ ®) =T7(ug)) is given as:

Uil

Fig. 1 Iterative learning control for linear plants. (a) Update U1 (D) =T(ui(t) + P [yq() —yi(D)]);
law is given by (9); (b) Update law is given by (10). LC: learning o 1 _ .
controller, ‘T truncation operator. =U; (1) + 7(u(t) + P~ Lyq(t) —yi (1) ]; )

=ui(t) —u;(t) + T(P~1y4(t))

. - . . . =T(P 1y4(1)),
assumption or constraint in learning control is that the system is ) ]
reinitialized at each new trial. This may be accomplished via amhere 7 is the truncation operator, such tha(x(t)) =x(t) vt
additional control or it may be an approximatiéag., if the sys- €[0,T]; and7(x(t))=0 otherwise and®~* is the mapping that
tem is stable and a zero input is applied, the system state is praive us the inputu corresponding to an output i.eR™: L,
close to O after several time constant§his contrasts with the —L..; P~ y,(-)~u;(-). It is to be noted that itiy=T(u,),
formulation in repetitive control where no such resetting occursT(u;(t) + du;(t)) = u;(t) +7(Su;(t)) for all i. (Note that in Fig. 1

The important fact presently known about the learning contr¢the truncation operatdfis placed before the summing junctipn.
paradigm is that it is a powerful method of achieving highif the system has relative degree 1, then the plant can be writ-
performance tracking in practical systems. Further, convergene® in state space form as:
results for the methods referenced above give us some under- .
standing that the systems for which learning control is applicable X(O=Ax(t)+Bu(t), x(0)=0,
is still limited. For example, it was not known how to design y(t)=Cx(t) )
learning control algorithms for systems with relative degree
greater than one, and for nonlinear systems requiring globally y(t)=Cx(t)=CAx(t)+CBu(t); where CB#0;
convergent algorithms. Also, in this work, like many other previ- ‘ ]
ous work it is necessary to differentiate the output which restricfd1ere Ae R™M, Be R, CeRM", Dek; X(t)f K", u(t)
the class of nonlinear plants, for example: nonlinear plants wi\ﬁR' Since the plant is stable, we can replag@)=0 with x
output sensor noise cannot be considered. In this paper, we de i5¢°) =0 and not alter the 1-O map deflned_@a: If .the relative
a scheme that eliminates the relative-degree one constraint. G@§Preer=1 (CB=0) check the second derivative:
results are local however. In addition, through the use of nony(t)=CcA2x(t)+CABuUt) If r=2, CAB#0, else CAB=0
causal inversion of the plant we state our assumptions in relatively (3)
straightforward terms. In contrast to most other ILC algorithm
which use abstract constraints on the plant and controller withg
clear physical interpretations, the establishment of convergencef
our algorithm is based on relatively straightforward assumptions  yr(t)=CA'x(t)+CA " !Bu(t) and CA " 'B#0, (4)
with unambiguous physical meanings.

Finally, the inversion-based approach we take in this paper cotibere,y’(t) denotes theth derivative ofy(t). Similarly, we can
verges in one iteration in the linear case. Thus we expect that GVilte:
scheme will have rapid convergence when applied to nonlinear ey~ AT r—1
systems meeting the assumptions of smoothness that we impose. Ya(l)=CAX(U)+CAT Buy(D) )
We establish convergence but not convergence rates in the ndhus, solving(4) for u leads to:
linear case however. In this paper, we propose a robust iterative 1o —
learning control algorithm for a class of nonlinear nonminimum u(t)=(CA"*B) 'y"(t) - CA'X(1)] (6)
phase plants with input disturbances. In Section 2, a “stable imherefore, su(t)=uy(t)—u(t)=—(CA " 1B) "ICAX(t)
version” based noncausal learning algorithm is derived for |Inea,‘[(CArle)—l[ya(t)_yr(t)]. Substitutingsu(t) in (2) in place

en continue differentiating(t) until u(t) appears algebraically
cT8 the first time:

nonminimum phase plants. A modification of this algorithm g u(t) gives:

also proposed to make it more robust. In Section 3, we extend this . .

stable inversion based ILC scheme to nonlinear nonminimum X(1)=Ax (1) +B(y5(t) =y (1)), X(=x)=0

phase plants and input disturbances. A proof of convergence of _ 2 (7)
the input trajectory to a neighborhood of the desired one is also SU; 4 1(1) =Cx;(1) + D(y§(t) —yi(t))

provided. Simulation examples are presented to show the perforﬁerei is the index of iteration and
mance of the proposed learning controller. In Section 4, it is olf’

served that near perfect tracking of the desired trajectory is A=A—B(CA ~!B) " ICA e R™*"
achieved if the input disturbance is the same at every iteration of .
the ILC. Finally, Section 5 concludes the paper. B=B(CA ~'B) e R"™!

C=—(CA"1B) 'CA e RIX"
2 Stable Inversion Based Learning Algorithm

— r-1 -1

In this section we briefly review the stable inversion based D=(CA™B)"eR
learning algorithm(see[12,11]) and propose a modification of the Since the linear controller described by the above equations may
same to improve robustness. Consider a pRnassumed to be have unstable eigenvalues, the noncausal solution approach of
linear, for simplicity. We also assumét) the plant(P) is SISO; [12] is adopted under the boundary condition assumpxigr
(2) the relative degree of the plant is known3) the plant is =)=0 (see Appendix D Since the operatio® ~1(y4(t) — y(t))
asymptotically stable{4) P has no zeros on thpw axis; (5) the (in (1)) is first performed and then the solution is truncated we
desired trajectoryyq(t), te[0,T] is smooth, specificallyyy(-) take the boundary values & * at =. For a linear system this
e C'[0,T]; (6) output disturbances are absent. simply means that the impulse response decays away exponen-
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tially in both time directions. This is the time-domain framework
consistent with the use of Fourier transforms. Closed-form solu-

tion exists for linear disturbance-free case. For a real matrix Ui ()
(7)), there exists an invertiblexxn matrix V such thatJ ! P
=V~1AV, wherel is the real Jordan form oh. Therefore with
the coordinate transformatiox=Vz and decoupling the system
into “stable” and unstable subsystems, we can rewrite the con-
troller as:
Uit 1€ ¥ §u; () ~
zs(,)} A 0] {BS o z%roow T [+ DNj, |«
Z."(t) - 0 A" Z"(I) + B (yd(t) y (t))’ Z"(iOO) =0 0
——
z Fig. 2 Nonlinear learning control system. DN|;t is the learn-
2°(2) ing controller.

Bu 1 (1)=[C* C"]L"(t) + DY) =y(1)) ®)

where A® has all its eigenvalues in the closed left-half pldite . o .

will have r zero eigenvaluesandA has all its eigenvalues in the 3 Nonlinear Nonminimum Phase Plant With Input
open right-half of the complex plane. The system can thus Bysturbances

decoupled into a “stable subsystem™” and an unstable subsystem, thjs section, we present a robust iterative learning algorithm

With the boundary condition&(+ =) =0, the stable subsystem isfor nonlinear systems with well-defined relative degree. We con-
integrated forward in time to calculatg(t), while the unstable

subsystem is integrated backward in time to calcuzage). How-
ever, a limitation of this algorithm is that, the calculationszt(t)
is difficult, sinceAs

sider only time-invariant nonlinear systems in this section.

3.1 System Description. Consider a nonlinear system

hasr zero eigenvalues. The learning controI-WhiCh is stable-in-first-approximatiorat x=0 and also input-to-

ler is not robust to initialization errors and noise. To alleviate th'r§tate stable:

problem we propose a modification based on the generalization of

the following example. Let a linear plant with relative degree
=1 be represented by the following transfer function.

Y(s)=H(s)U(s); therefore,

. d
Y(s)éﬁ(ay(t)) =sH(s)U(s)—y(0);

where L represents Laplace transfory(0) is the initial condi-
tion ony. This implies that the transfer function of the learnin
controller is:

1 . .
SUSZUL)=U(s)= <H '(s) [Yols)=Y(s)]. (9)
learning controller

neglecting the initialization error. Note that the transfer function Xi(t)=f(x(t))+g(x;(t))u;(t) +b(x(1))w;(t), x;(0)=0

of the learning controller has a pole at0. However, taking
S8y + 8y as the input to the learning controller, rather thn it is

(1) =f(x (1) +g(x(t)ui(t), x(0)=0
yi(t)=h(x;(t));

wherei is the index of iteration of ILC{u;};, is the input se-
quence,x;(t) e R", u;(t) e R™, yi(t)e R™ and f:R"—R", g:R"
—R™M h:R"—R™. For the sake of simplicity we consider the
case relative degree=1. The objective of learning is to construct
a sequence of input trajectorids;};—, such thatu;—u* and
u* (t) causes the system to track a trajectggft) “as closely as

(11

gbossible” on[0,T]

X4(t)=f(xq(t)) +9(X4(t))ug(t), x4(0)=0,

Ya(t)=h(x4(1));

is satisfiedVte[0,T]. To model input disturbances, the plant
equation(1l) is modified:

(12)

(13)
yi(t)=h(x;(t));

seen that the controller transfer function has a stable pole afyfere b:R"—R" and wi(t) e R. The functionw(t) represents

—1 instead of at s=0 as shown below

1 . .
sU(s)= WH”(S) [Yu(s)+Y(5)=Y(s)=Y(s)];
— e’

learning controller

(10)
HU(s)(s+ DY ()= Y(s)];

v

NG

pl

In time domain the learning controller can be split into stable and

unstable parts as shown in E@) to obtain a stable noncausal

inverse of the plant. It can be seen that the modified learning

both deterministic and random bounded disturbances of the sys-
tem; it may be stiction, nonreproducible friction, modeling errors,
etc.

We make the following assumptions:

(A1) The functionsf(-), g(-), h(-), hy(-) are continuously
differentiable andb(-) is continuous.

(A2) y4(-)eC”, wherer=1 is the relative degree of the
system.

(A3) upeL.NC°NB,.

(A4) The system istable-in-first-approximatiorand input-to-
state stable(Note: If the system is not stable, it may be stabi-
lized prior to application of our methods.

(A5) The system has hyperbolic zero-dynamics.

(A6) The disturbancew;(-) is bounded byb,, (i.e., ||w;(t)]
<b,,) and continuous.

controller is more robust to initialization errors. If the relative For such a system a learning algorithm is proposed as shown in

degreer>1, the input to the learning operator is given by
Pr(d/dt)e where e=yy—y; and Pr is a stable polynomial of
orderr as shown in Fig. (b).

Journal of Dynamic Systems, Measurement, and Control

Fig. 2. This learning control scheme is very similar to Figo)1
except thaP in Fig. 1(b) is a linear plant whileP here refers to a
nonlinear plant.
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Fig. 3 Tracking of nonlinear nonminimum phase system with-
out input disturbance after 3 iterations

3.2 Formulation of the Learning Controller. In this sec-

tion, we derive a good candidate for the learning controller
DNJ,* (shown in Fig. 2 by linearizing the plant. From the stable

nonlinear systenil3) we define an input-to-output nonlinear plan
P (stable in first approximatioras follows:

P:uj—y;.

If x;(t) is a solution to the differential equatiqd3), then| x;|..
<M< (by the input-to-state stability assumptjoriFrom the
compactness ok; and continuity of the functiorh and using
Theorem 4.15 if15] we can write from(13): y;(-) e L., . By the
chain ruley;(t) =h,(x;(t))x(t). Again from the differentiability
of x;, h.andh, (Assumption A}, and using Theorem 5.5 [15]
we obtain:y;(-) e Ct. Hencey,(-) e C°. From Theorem 4.15 in
[15] we obtain:y;(-) eL.,. Hence we have.

P:ui—y; (14)
P:C°NL,—CNL, (15)

Define a linear operatdd T (1+d/dt). Thus,
DT(8yj)=dy;+ dy; (16)

where, 8y;=y4—Y; and dy;=y4—Y;. We have assumeg e C'
(r=1 is the relative degreeandyye L., whereyy is the desired
output-trajectory. Also we have proved thae C'NL... Hence,
8y=yq—Y;eC!NL.. By similar arguments we can sayy
=y4—Vie C°NL.,. Therefore,

DT: 8y dy; + 8y,
DT:C*NL,.—C°NL...
Define a nonlinear operatdt as:
N£ —(DToP):uj— —(dy;+ 8Y;)
c’nL.,,—CNL...

A linear operatoDP|, is defined by linearizing the syste(®3)
around(x=0, u=0, w=0) as follows:

&X;(1)=AdX;(1) + bau;(1), 8x(0)=0
3y;(t)=Cox(b).
whereA2f,(0); b2g(0); C2h,(0). B
Since the plant is stable in first approximati#njs Hurwitz in
(18) we can replacedx;(0)=0 with 6x;(*)=0 and not alter

the I-O map defined by18).
Defining DN & DNJ|y*

7

(18)
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Now we define a linear operat@N|, as:
DN|o2DTeDP|y: Suj—> 8y; + 8y; (19)

Thus,  DN|o(8U;) = (C+ CA) 8Xi(t) + Cbu; (t) = dy; + 8y, ,
where, 8x; is a solution to(18)

(8y;eCNL.,).
Therefore,
DN|o:C°NL,.—C°NL.,.

The linear operatoDN]|, is invertible, sincer =1, Eio (see
proof of Lemma 1. The learning controllerIIQN|51) is defined by
the following equations:

5% (1) =AdxX;(t) +b(Cb) [ dy;(t) + 8Y;(t)
—(C+CA)SX(1)], Xi(£*)=0
=[A—Db(Cb) (C+CA)]&x(t)
+ECb)*1[é\7i<t)+6Wt)E @
8U;(1)=(Cb) " 8y;(t) + 8Y; (1) — (C+CA) X (1) ].

Since the system is hyperbolidssumption 3, with the boundary

tonditions we can obtain the solution for the above system using

the “stable noncausal” approach ff2]. Hence the linear opera-
tor DN|, * is defined as:

DN, %:CoNL,.—CoNL..;
(3Yi-+ y))—>ou
Denotingé‘inXd—xi, OYi=VYq—VYi and ou;=ug—u;, we de-

rive (by Taylor series expansipr linearized plant fron{13) as
follows:

xi(t)+ Sxi(t): F(xi (1) + 0% (1)) +g(xi() + 0% (1) - [ui(1)
+oui(t)];
~ (% (1) + f(xi (1)) o (1) +[g(x;(1))
+9x(xi (1)) ox; (1) J[u; (1) + oui () I;
(by Taylor series expansion and neglecting h.ahere

(21)

5 of A 99
(i) = —= (Xi(1); gx(xi(1) = —= (xi(1))

Also, y;(t) + oyi(t) =h(xi(t) + 6xi(t)).
Subtracting(13) from (21) and neglecting h.o.t we obtain the lin-
earized planfaround the solutiox;(t) to (13) as:

&i(t)= (X (1)) 6x; (1) +g(Xi(1)) Ui (1) + gu(X;(1)) 6% (t)ui(t)
—b(xi(t))w;(t), 6x;(0)=0
OYi(t) =h,(x(1)) 6x;(1);

Since(18) is stable, it can be proved by Lyapunov methods that
(22) is also BIBO stable ifx; lies within a certain bound. Note
that, here also we can replaég;(0)=0 (as in 18 with x;(=*
«)=0 and not alter the I-O map. Defind;(t)=f,(x;(t))
+0x(xi (D) ui(1), Bi(t)=g(xi(1)), Ci(t)=h,(x(1)),
b;(t)£b(x;(t)). The stable linear syste22) has a solution and
defines a linear 1-O map:

(22)

DP|y:8ui—dy;; CoNL.—C™NL...

8y (1) =hy(xi(1)) 8i(t) + heu(xi(1)) X 8xi(t). We can argue,
8y(-) e C°NL... Define a linear operathN|ui as:

Transactions of the ASME



DN|uiéDT°DP|ui:§uiHéyi+ 8y, 23) (i.e., uy has compact support

c’nL,.—CNL,, Ui+1:Txi(~)[Ui(')]éT(Ui*DN‘ElN(Ui)) (26)

Inhaln iter_ativetlearr;ihng conttroll proc.tess,_ as SEO\INI’(; in Fig. 2, @hereT, (,[u(-)] is denoted byT;(u;) for simplicity in the rest
each learning step, the control inputu; is updated asu;.; o .

=7(uj+46yu). The sum of the error in the output signaIOf this paper. Now fron(24) we can write
(8yi2yq—Y;) and the error in its derivativedy;2y4—V;) is the N T V] — DNIFIN(U) - b+ DNI=IN( o,
input to the learning operator, whiléy; is the output. Since it is ITiCu) =Ti(o)ll =17 (U= DNIo NC(uy) —vi+ DNIo "N(wy))|

assumed in this section that the nonlinear system is of relative =||T(Ui—DN|61N(Ui)—vi
degree 1, it is necessary to take the derivative of the output to o
invert the system. In practice, the differentiation can only be ap- + DNl "N(uj+ovi—u))| (27)

proximated because of the presence of the output sensor noise. ] o )
For the clarification of the remaining discussion, function paranf?aden and Chen ifL7] show that the Frechet derivative bfis
eters will be shown in subscript notation with the dependence @iven by DN, (see Appendix C, Proposition.IThat is:
time implied unless otherwise stated.

Now the iterative update law of ILC can be written in terms of [IN(u;+ du;) —N(u;) — DN|ui[5ui]H

the operatoN andDN\gl as follows: lim Toul] =0 (28)
[8ui|—0 '

Uis1=T (U + 8Up) =T (U, + (Cb) [ 8y + Y, — (C+CA) 8x.]),
where, §x; is a solution to(18)

Let s(8u;) be defined as:

. s(8u;))=N(u;+ 6u;) — N(u;) — DN[, [ 6u;].
=U;+7 (DN|g *(8yi+ 8y;)) =u; = T (DN[g "N(u;))  (24) '
I11:_rom(28) we can sesis o(u;). Denotingdu;£[v;—u;] we can

We now present the following lemma establishing when a nolL: rite 27) as-

causal solution is required for a nonlinear plant:

Lemma 1. If a nonlinear system with a well-defined relative _ _ _ -1 _ 1
degree and hyperbolic zero-dynamics is nonminimum-phase (i.e.,”Ti(u‘) Ti(on)[=[7 (ui=DNJo “N(u;) —v;+DNJo “N(u)
zero-dynamics is unstable), the linearized plant (about equilib- +DNJo 'DN|, [ 8u;]+ DNy 's(8u)))|
rium point (0,0)) has unstable zeros :

Proof. See Appendix A. (29)
From Lemma 1 we can conclude that if the given nonlinear . ]
system has unstable zero-dynamics, tlism\gl has unstable ei- Again from the definition of the operatdi)N|ui (23) we obtain:
genvalues, and hence it is necessary to apply the stable noncausal .
inversion procesg12] on DN|, as described in the previous DNy, : duj—> oy + Y;

section.

3.3 Convergence Analysis. Definition 1. We define tha 8 8% =L)X F(3) + (X)) (XU Py (x1) ()

norm of a function }{0.T]— R by (X GX) Ui+ Py (Xi) DX Wi
()= sup e M|x(t)l| (25) (X)) G(X;) SU; — hy (X)) DX W;
te[0T]

Note that|x],<||x|..<eT|x|, for x>0, implying that these two From the definition of the linear operat@N|,* (20), h,(0)
norms are equivalent. Thus convergence results can be prove@, g(0)=b (18) we can write:
using either norm. . .

Theorem 1. If the assumptions (A46) imposed above hold, DN|o L 8y, + 6y bu; ;
then the algorithm (24) produces a sequence of inputs which con-
verge to Uf if there are no input disturbances (i,ev;=0) and no DN|51DN|ui5ui= 8U;=(h,(0)g(0)) " (hy(X;) + hy(X;) F (X))
initialization error. If w; is boundedu; converges to Bu*,r) as

i—o0. The radius r of the ball Bu*,r) depends continuously on F (X)) G (X)) Ui+ My (X)) F(X))

the bound on the disturbance ;w If there exists a y _ i _ ) Sy

eL.,NCy[0,T] with P(ug) =Yy, then y converges to the desired + Ny (X)) 9% U+ hy (X)) (X)) W;) 0%

input solution . (%) 9(X;) 8u; — hy (X)) b(X;)w; — (hy(0)
The proof relies on the application of a variant of the contrac- —

tion mapping theorerfil6] to the input sequence. The main idea is +h,(0)f,(0)) ox;1;

to show that||su; , 1|[,<pl 8ui[, + by, where G<p<1(du;2uyq

—uj). This implies that lim_..sug duill,<(1—p) by, where

by is a continuous function of the bound on disturbance. 1
Road Map to ProofFirst a mappingT is defined fromu; to i IDNIo “lisCouy)] _

uj+1. Using the fact thaDN|,, is the Frechet derivative of and o]0 | oull

bounds on the functions like g and h, it is proved thatT is a

contraction mapping. Hence the input sequefig-)};, con- This implies thatVe; >0, 36,>0 such that| suj|< &, implies

verges to a balB(u*,r). It is also proved that in the absence of DNIo [lls(u)ll/[[dui|<e; . _

disturbances and initialization errar converges tau*. More- 2r:]%v:;gbl—l(I)Sngscign;rggm)ga'(\:/tlasigl&g) £, 906, o)

over, if Jugy such thatP(ug) =Yy, the fixed pointu* of the con- i i/, "2 i/0 T\ Ai)s

traction mgppingTi(~) ig sdr)mv?//ﬁ to bauy. b fx(Xi), 9x(x;) andhy,(x;) are bounded and Idt;, , by, by, bpy,
Proof Construct the sequende;(-)}7~, by defining: bfx,_ng, bhyx be the respective norm bounds.. Denotihg

=(Ch) (hy(x)g(x))~1 and e=|1—1|<1, choosing ane,

ug=7 (Ug), such that €+ €;)<1 and using30), (29) can be rewritten as:

Sinces(éu;) is o(dy;),

(30)
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ITi(u) = TiCo)|| =7 (ui—v;+ DN DN, [ 8ui]+ DNlg *s(5uy))]|

<7 (uj—v;+DN|g DN, [su;])[+ DNl *s(5u;)]|

<[7 (= 8ui+(Cb) [ (hy(X;) +hy(X) Fx(Xi) + Ny (%) G (X ) Ui F Ny Xi) F(X0) Ny X) G(X ) U+ (X)) DX )W) 8K
+hy (X)) g(X;) 8u; — (X)) b(X))W; — (hy(0) +hy (0) F,(0)) X )|+ €4/ 7 (du)) |
SHT(f5ui+|5ui+(C—b)il[(hx(xi)‘khx(xi)fx(xi)+hx(xi)gx(xi)ui+hxx(xi)g(xi)ui+hxx(xi)f(xi)

+hy(X)D(X))W;) 8% = hy (X)) b(X;) @; = (h(0) + hy(0) f4(0)) ;)| + €l| 7 (Suy) |

<(e+e€y)

|7 (U]l +[[(CD) HI(2bpyt 2B+ B + Brodigll Uil + oDl Wil + b bl D17 (5%
+ H(Cb)ilH(bhxbbbw)
=(e+ )| T (8u)|+ ke[| T (8%)[|+11(Cb) ™Y (bpybpby)) (31)

where &iéargma@q ,52}(”5&”,“5%“) and kl:||(C_b)71H(2bhx Since [+e€;<1), we can find ax>k which makesp; =€+ ¢,

(1 — k=T

+2bhxbfx+bhxxbf+bhxxbgHui”+bhxxbeWi|| ':bhxngHui“)- +k/ K(l € )<P<1-
We now consider the two casésx;| =| x| or || 5% =] oxil

separately.

Case I:||8%||=]|ox;| Using Gronwall-Bellman inequalitysee
[16] p. 63 we write | 6X;|| (the solution to(18)) in Eg. (31) in
terms of| u;|| and initial condition as shown i(82).

[uis1—virdh=<pilui—vil\+be=<pipi—1llui-1—vi_1llx + pibg
+bg=<p?|ui_1—vi_4l[\ + pbg+by

[Ti(up) —Ti(w)lI<(e+e)| T (Sup)|+| T

kl(e'“na?(on

t — J—
] e il
0

) 1
+[/(Cb) Y (bpybpbi).- (32) lim SUp o1~ Ui ally— 7= ba;

i—o

whereby combines the norm bounds of the initial state errors of
the controller and input disturbances. Therefore,

where 6x(0) is the initial condition of the controllef18). It can
be shown thafsuj[|<k,| su;|l. Multiplying (32) by e and de- ¢ 3N such thatVi>N, u;eB(u*,r), whereu* is the fixed

fining k=maxk;ky||B|JAl} and assuming >k, we have: point of the contraction mappirfandB(u*,r) is an open ball of
radiusr=(1—p) by and centeru*. If the input disturbances
e M|T,(u) —Ti(v)|<(e+e)e | T(5u)] and initialization errors are absebly=0 and hence; converges

to u*. It can be shown following Theorem 2[16] that the fixed
_ pointu* is unique.
kl( ellAI=0Y sx(0)| If ug exists u* =uy
If Juqy such thatP(ugy) =yy4, the fixed pointu* of the contrac-
tion mappingT;(-) is shown to beuy in the absence ofy; and

+| 7

t initialization error. If ui=uy, y;=yq4 and dy;=yq—y;=0. This
+kJ e”e<k“(‘7>||5ui||dr> ) implies, the output §u;) of the learning controller is zero.
0 Therefore,

+[|(Cb) ~H[(bpbpby) (33)
3 _ _ _ Ti(ug) =7 (ug—DN[g *N(ug))
Case 1| 8%i||= oxil| Write [|ox;| in terms of|| du;|| using(22) .

and the proof follows in the same wawith k,=1 in this casg =ug—7 (DN|g (Ya—Ya))
Noting that the integral is strictly increasing and that for a con- -0
stant| k|, =k we obtain from(33) taking supoverte[0,T]: o

=Uqg. (35)

K
[Ti(u) —Ti(w)lh<| e+ e+ m(l_e(k_}‘ﬁ) [l uill

- Henceu* =uy.
+ky[| 8x(0)[[+[(Cb) ~ | (bpbyby) 3.4 Simulation Result. In this section, we perform simula-
tion studies with a SISO nonlinear nonminimum phase system
(34) with input disturbance described by:
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x1(1) —x1(1) +xa(t) 0.2+0.1 sin?(x,(1)) 0.2 sin(40x; (1))
(1) —3xy(1) +x1(1) 0
xz(t) x1(1)—2x5(0) 0 ui(r)+ 0 wi(1)
x4(1) —x4(1)+x3(t) 0 0
) 8(x) b(x)

yi(1)=x1(1) = 3x5(2)
—————

h(x)

(36)

x(0)=0 and the initial conditions are reset to zero after each Nonlinear Nonminimum Phase Plant With Repeti-

iteration. The reference output trajectory is given by:

_[0.2sint) te[0,27]

ya(t)= 0 (37)

otherwise

The learning controlleDN|, as given by(20) is:

2 0 -3 )
. 0 -3 0
0= 0 Ly o |[FOF| o] (e
0 0o -1 0
) 7 3 b (38)
Sur)=[15 =5 =15 0]x(1)+ 5 (8y(1)+ Y1)
- s 7

Xi(+x)=0. A is unstable. Hence we apply noncausal stable i

tive Input Disturbances

In this section, we apply the same learning algorithm to a plant
with repetitive input disturbances. To model input repetitive dis-
turbances, the plant equati¢hl) is modified as:

(=T (1) +g0xi (D) (ui(D+Au(t), x(=2)=0

(39)

yi(t)=h(x;(t));

whereAu(t) e R. The functionAu(t) represents unmodelled dy-
namics or input disturbance which repeats at every iteration of the
ILC system. Sincé\u remains the same at every iteration a learn-
ing controller can use the information about the disturbance from
the previous execution to improve the tracking performance in the
next execution. We impose the first five assumtions as discussed
in Section 3.1 on the given nonlinear system. Assumption 6 is
replaced by Assumption’@vhich states that:

N- (A46') The disturbancéu(-) is continuous and bounded y;

version to solve the above differential equation. First we considgle., |Au(t)]|<b,).

the input random noise is absent;&0). The simulation result

It is proved in Appendix B that perfect tracking of the desired

shows near perfect tracking of the desired trajectory Fig. 3. fajectory is achieved in this case. Also Matlab simulatiBiy. 6)
learning curve is plotted in Fig. 4 to show the convergence of thows perfect tracking in presence of the same disturbance at

norm of the output errofyy—Youll-
Next we introducew; as a nontrivial bounded input distur-

every iteration of learning.

bances. SimulatiorfFig. 5 shows approximate tracking of the 4.1 Simulation Result. In this section, we perform simula-

desired trajectory after a couple of iteratioms.is normally dis-

tion studies with a SISO nonlinear nonminimum phase system

tributed random numbers bounded betweeh We have passed With repetitive disturbance:

the white noise through a low pass filter to ensure continuity.
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d—youl” °
x

o
3

o
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2
3

%

0.064

0.062 L y L
2

5 6 7
iteration no. i

Fig. 4 Learning curve to show convergence
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Fig. 5 Tracking of the same system in presence of input dis-
turbance after 3 iterations
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x1(1) —x1()+xy(1)
i) | | —3xa(0+x()
x5(t) x1(1) = 22x3(1)
(0] L —xg(0+x30) |

N

0.2+0.1 sin?(x (1))

0
0
0

(ui(1)+Au(r))

f(x)
yit)=x1(t) = 3x3(2)
|
h(x)

§(%)

(40)

x(0)=0 and the initial conditions are reset to zero after eadhpdate law produces an input that is outside the allowable convex

iteration. The reference output trajectory is given by:
0.2sint) te[0,27]

41
0 otherwise (41)

Ya(t)=

The learning controlleDN]|, is given by(38).

The learning controller discussed in this paper can be applied

a generic class of nonminimum phase plants. However, the ¢
troller design requires the precise knowledge of the lineariz
plant. In[18] we present results that allow a inversion based IL

for plants with uncertainties. A proof of convergence is presente

set within which the input is constrained to lie, then the projection
of the produced input on this convex set must be used instead, in
the next iteration of learning, as pointed out[®]. We further
conjecture that the proposed learning algorithm can be readily
extended to slowly time-varying nonlinear systems. Though the
class of systems considered here is fairly general, the effect of
68tput sensor noise has not been considered. In practice, deriva-

%Ves cannot be reliably computed in the presence of output sensor

ise. Furthermore, the plant may itself produce an output signal
t is not differentiable. This will constitute an interesting area
r future research.

along with the condition for convergence that quantify the pertur-
bation allowable for the learning algorithm to converge. The peNomenclature

formance of the approach is also illustrated with simulation

results.

5 Conclusion

|-l = Euclidean norm
||fH°0,[O,T] = SURE[O,T]Hf(t)”
L.[0,T] = the space of all functions such that
[f]l.ror1<e> on the closed interval

A stable inversion based learning controller for time-invariant
nonlinear nonminimum phase systems is presented. It guarantees
learning under quite general assumptions. Theoritical assertions
arc corroborated by simulation results which demonstrate that in
the presence of random input disturbances the tracking error is

uniformly bounded. It is proved that the bound on the tracking'[0,T] where ¢=1)

error is a continuous function of the bound on the input noise. It

has been also proved thatuf is replaced byu; +Au, whereAu

is an unknown function which lumps together various unstruc-

tured uncertainties due to parameter uncertainty, model simplifi-
cation, unmodelled dynamics, repetitive disturbances and so on
(see[16], p 578, perfect tracking of the desired trajectory is

[0.T]

the space of all functions such that
[fll..<ee on (=)

the space of all continuous functions
on the closed intervdl0,T]

= the space of alf times continuously

differentiable functions on the closed
interval[0,T]

{u(-)[u(t) eR" and|Ju(-)]<r <z}

on the closed intervdl0,T]

a functiong(h) is o(h), implies

achieved in the absence of random input disturbdneg w;=0).

lim_ola(7Ihj=0.

Several modifications can be made on the developed aIgorithmAppendix A
improve its performance. For example, if at any iteration step, the

0.25 - : 0.05
— em)r:ym_y‘j
o2} — You ] 004t
0.15 003}
01 0.021
w
© 00sh 5 001f
5 £
o @
@ e~ —
2 0 5 0
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S o, © 001}
3 -005
0.t -0.02
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-025 L _0.05 . .
[ 2 4 6 o 2 4 6
time time

Fig. 6 Tracking of nonlinear nonminimum phase system with
repetitive disturbance after 5 iterations
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Sketch of the Proof of Lemma 1. Consider a nonlinear sys-
tem given by:

x=f(x)+g(x)u

y=h(x)

with a well-defined relative degree<n. Let thenormal formof
the above system be given by

&=6
.§2:§3

(42)

(43)

&=b(&n)+a(é nu
7=0a(&,7)
y=¢&:
First we need to show that the linear approximation of equations
in normal form coincides with the normal form of the linear ap-

proximation of the original description of the system and this
amounts only to show that the relative degree of the system and

Transactions of the ASME



that of its linear approximation are the same. To this end, suppose (1) + 5xi(t): £ (1) + O%;(1)) + g(x: (1) + 8% (1)) - [u;(t)

that the vector fieldf(x) has an equlibrium ax=0, i.e., f(0)
=0, and consider fof (x) an expansion of the form

oX

f(x)=Ax+fy(x) with A= and 0

ax

x=0

x=0

which separates the linear approximatiéix from the higher-
order term f,(x). Similarly expandh(x)=Cx+h,(x) where
h(0)=0: C=[dh/dx]y—¢ and [dh,/dx]w_o=0. Also expand
g(x) asg(x)=B+g4(x) with B=g(0). Therefore, the linear ap-
proximation of the system at=0, is defined ax=Ax+Bu: y
=Cx. It can be shown, by induction, that

L'Fh(x):CAkx+dk(x): where di(x)is such that
[dd,/x]x=0=0.
From this it can be deduced that
CAB=LyL¥h(0)=0 for all k<r—1
CA ™ 'B=LyL{"*h(0)#0

+6u;(t)+Aul;
~T(xi() + F(x; (1)) o%; (1) +[g(Xi (1))

+gu(Xi() 8% () I[T; (1) + dui(1)];
(By Taylor series expansion and neglecting h.ahere

(46)

N A 99
fx(Xi(t)):&(Xi(t))Q gx(xi(t)):&(xi(t));

ai(t):Ui(t)+AU
Also, y;(t) + oy;(t) =h(x;(t) + ox;(t)).
Subtracting(39) from (46) and neglecting h.o.t we obtain the
linearized planiaround the solutiorx;(t) to (39)) as:
8xi(1)=(xi(1)) ;1) + g(xi(1)) duy (1)
+0x(Xi(1) ox;(1)Ti(t),  6%(0)=0

i (1) =hy(xi(t)) 6xi();

(47)

i.e. the relative degree of the linear approximation of the system3if’ce(18) is stable, it can be proved by Lyapunov methods that

x=0 is exactlyr. From this fact it can be concluded that takin
the linear approximation of the equations in the normal f¢43)
based on expansions of the form:

b(¢&,7) =RE+Sn+by(£,9)
a(é,m)=K+ay(§,7)
a(é,m)=P&+Qn+0(&,7)
yields a linear system in normal form
'gl:‘fZ
£,=£4

(44)

& =RE&+Sy+Ku
n=P&{+Qy

y=£&;

It is shown by[19] that the eigenvalues @) coincide with the
zeros of the linear system given 44). Also note that the Jaco-

47) is also BIBO stable ifx; lies within a certain bound. Note
hat, here also we can replagi;(0)=0 (as in 18 with &%;
(%) =0 and not alter the I-O map. Now replaciogt) by U;(t)

it can be proved in the same way as in Section 3.3 that the se-
quence of input converges tof (t).

Appendix C

Proposition 1. Consider the nonlinear plant P described by the
following differential equation

x=f(x,u); x(0)=x, (48)

on the interval [0,T] where fR"XR™—R" is smooth in x and u,
and||ufl..=sup[oru(t)[o<M; T is chosen such that solutions
exists o 0,T|VuelL,, satisfying the bound. Leb,(t,x,) denote
the solution of the differential equation on [0,T]. The Frechet
derivative D,¢,(t,Xg):L.[0,T]—L,[0,T] of the map ()

— ¢y(-,Xg) IS given by

t of
Dy¢y(t,Xo){=DP|y= foq’(tlf) 75 [Pu(mX0),u(n) JE(7)d7
(49)

bian matrix[ 49/d7] ¢ ,-o describes the linear approximation awhere®d(t,7) is the state transition matrix for

=0 of the zero dynamics of the original nonlinear systet8).
Therefore, if a nonlinear system is nonminimum phésearized
zero dynamics has atleast one unstable eigenyatlie zeros of

X= X. (50)

of
— (Bultxo) u(t)

the transfer function of the linear approximation of the original pyoof See[17] for proof.

system aix=0 are not all stable.

Appendix B

Convergence Analysis in Presence of Repetitive Distur-
bance.From the stable nonlinear syste30) we define an input-
to-output nonlinear map as follows:

P:Tji’%yi y
whgreﬁiéuiJrAu (a computed input Define a nonlinear opera-
tor N as:
N£ —(DToP):Uj— —(8y;+ 8y;) (45)
L.—L..

Denotingdx;=Xg—X; , 8Y;=Yq—Y; anddu;=uy—u;—Au, we
derive(by Taylor series expansipa linearized plant froni13) as
follows:

Journal of Dynamic Systems, Measurement, and Control

Appendix D

Boundary Value Problem for Nonminimum Phase Systems.

A nonlinear nonminimum phase system can be viewed as a map-
ping of Cjg.. to Cjo..; Or @as a mapping fromy ., ,jto Lo, 7.

In the first case the inverse mapping is unbounded, while in the

second, it is bounded but noncausal. It is the second view that
enables a proper perspective on tracking control problems as feed-
forward need not be computed causally from sensor outputs.

If a nonlinear plant with hyperbolic zero dynamics is honmini-
mum phase, the inverse of the linearized plant is unstable. Hence
we perform stable noncausal inversion of the linearized plant to
obtain the learning controller for ILC scheme described in Section
3. An essential element to solving this problem is finding a solu-
tion meeting boundary conditions atw. Hence for the linear
learning controller this reduces to finding solutions to

x=Ax+Bu; x(*=)=0. (51)
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where we assume thak has nojw-axis eigenvalues andi
elL,;NL,. Without loss of generality, assume thatis block
diagonal:

A0
0 A.

whereA_ and — A, are both Hurwitz. It is easily verifiable by
substitution into(51) (using the notation % for the unit step
function), a bounded state-transition matrix can be defined by

1(t)er-! 0
0 —1(-t)er+!

A=

: (52)

¢>(t)—[

and that the solution to E¢51) meeting the boundary conditions

X(*)=0 has the form
x(t):j w(ﬁ(t—’T)BU(’T)dT (53)

Define a mappingd:L,;NL..—L;NL. as the mapping takingto
xin Eqg. (51). That isA:u—x
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