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Convergence in the presence of zero-ergodic-mean disturbance
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This paper considers the convergence of systems subjected to zero-ergodic-mean distur-
bance. We first consider the stability of averaged systems and give an example showing
that exponential stability does not imply averaged stability. Next a sufficient condition is
established for a class of averaged systems to be stable. Using this result, we obtain condi-
tions guaranteeing convergence of systems subjected to zero-ergodic-mean disturbance.
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1. Introduction

Robustness to disturbance is an important issue which has attracted much attention. How-
ever, general results tend to give conservative bounds on the tolerable disturbance. On the
other hand, disturbance in practice is usually structured, making better bounds possible. In
a recent study (Chen & Paden 1990, 1993) on parameter convergence in a nonlinear adap-
tive control of torque-ripple cancellation for permanent-magnetic step motors, one such
example is encountered. In this case, the disturbance is the residual torque-ripple not can-
celled by an adaptive loop. Its absolute value may be very large, but it is roughly sinusoidal
and has zero ergodic mean (Wiener 1964). Available results (e.g. Sastry & Bodson 1989)
on bounded error with bounded disturbance lead to a bound on the parameter error that is
large, since the bound on the disturbance is large. Nevertheless, experimental data indicate
parameter convergence in the presence of such disturbances.

Motivated by the above, this paper studies the convergence properties of a class of sys-
tems subjected to zero-ergodic-mean disturbance. Typically, a controller is designed based
on an unperturbed model, resulting in an exponentially stable closed-loop system in the ab-
sence of disturbance. Intuitively, one would expect that the system dynamics will smooth
out the zero-ergodic-mean disturbance, rendering the averaged value of state error small.
This is indeed the case under certain conditions, and can be proved using a converse aver-
aging theorem.

The averaging method has long been used to study nonlinear dynamical systems
(Sanders & Bodson 1985) and ordinary differential equations (Hale 1969). In more re-
cent years, this method has been successfully used in the study of parameter convergence
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in adaptive control systems (e.g. Mason et al. 1987; Kosut et al. 1987) and nonlinear oscil-
lators (Grace & Lalli 1990). In control systems, the stability of averaged systems is used
to establish that of the un-averaged systems. A typical such result states that, under cer-
tain technical conditions, if the averaged system is exponentially stable, then the original
system is also exponentially stable.

The question posed by converse averaging is: given that the original system is exponen-
tially stable, when is the averaged system also stable? The answer to this seemingly trivial
question is unfortunately not ‘always’, as shown by the example in Section 2. Section 3,
however, does establish a sufficient condition for the averaged systems to be exponentially
stable. Finally, Section 4 studies a class of exponentially stable systems subjected to zero-
mean disturbances, and obtains a condition for the states to converge on the average to a
small neighbourhood of zero.

In this paper, we will use the following convention for norms of matrices (including
vectors) and signals. If a € R"*™, then |a] is the largest singular value of a. Ifa : Ry —
R"*™ then |la| = sup,egr, la(®)|. Inaddition, ifa € R7*" then A;(a) is the ith eigenvalue
of a (in an arbitrary listing).

2. A stable system whose average is unstable

Consider a time-dependent second-order system given in polar coordinates:

rF=r[l—-3cos(¢p —1)], ¢ =2-—2cos(¢p —1). Q.1

Averaging this system with respect to time for a period 27 yields

r'=r, ¢=1

which is clearly unstable. However, the system (2.1) can be shown stable as follows. First,
make a change of variable § = ¢ — ¢ to achieve

7 =r[1 —3cosb], 6 =1-2cosé. (2.2)

There are two equilibria for 8 at +cos™! % It is then straightforward to conclude that 6
converges to the stable equilibrium — cos™! % Finally, since the vector field in (2.2) is

continuous, and since

i'=—'27

at the equilibria for 8, we have that the origin is stable for the system (2.2). The same is
true for system (2.1). Therefore stability of the original system does not imply averaged
stability in general.

Figure 1 shows the phase portrait of the system (2.1), drawn in cartesian coordinates. Six
trajectories with different initial conditions are shown. It is clear that (0,0) is an asymptot-
ically stable equilibrium point of the original system. Notice that the trajectories cross
each other. This is due to the fact that the system is non-autonomous. For a time-invariant
system, trajectories never cross each other.






