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Design Formulas for
Permanent-Magnet Bearings
As the energy densities in permanent magnet materials increases, permanent m
(PM) bearings are becoming increasingly attractive machine elements for applica
ranging from turbo machinery to energy storage flywheels. Desirable qualities inc
high speed, low wear, energy savings, and freedom from lubricants that can degra
contaminate other system components. In this paper we develop analytical expressio
stiffness and peak load in stacked-structure radial magnetic bearings that exten
seminal work of Backers, and Yonnet and co-workers. In addition to the derivatio
simple design rules, the axial peak force and negative axial stiffness are calcul
@DOI: 10.1115/1.1625402#
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1 Introduction
The development of high-energy product permanent mag

~PM! materials has made PM magnetic bearings an attractive
tion for applications ranging from turbo machinery to energ
storage flywheels. In small high-speed turbo compressors, bea
longevity is a problem that can be resolved with PM magne
bearings. In space instrument applications, magnetic bear
eliminate the need for lubricants, which can contaminate opt
surfaces; and in energy-storage flywheels, PM magnetic bear
allow operation in a vacuum. In this paper a radial magnetic b
ing configuration, shown in Fig. 1~a!, is studied in detail, and a
result of Yonnet@1# is applied to show that the governing equ
tions also hold for the axially magnetized bearing depicted in F
2. The objective is to derive simple design relationships that w
make magnetic bearings accessible to the non-specialist desi
Peak bearing load and bearing stiffness, normalized by bea
axial cross-sectional area, are the key performance measures
ful to mechanical engineers, and new analytical expressions
derived for these quantities. PM bearings compete with feedb
controlled active magnetic bearings in many designs. Active m
netic bearings have the advantage of higher stiffness, higher l
and better damping, and are capable of active vibration isola
and fine positioning in rotating machinery. However, active be
ings can cost many times more than comparable PM bearings.
stiffness levels in PM bearings can be improved provided m
thin PM magnets are stacked together as the analysis he
shows. The benefit of lubricant-free operation is accompanied
the drawback of poor damping in the absence of liquid in the g
thus PM bearings can be particularly attractive for use in liq
pumps. Incorporating eddy-current dampers can also incre
damping. PM bearings have been used in turbo molecular pum
and are being used in artificial hearts@2#.

As a consequence of Earnshaw’s theorem, it is not possibl
levitate a body statically solely with permanent magnets in a st
magnetic field. Indeed, a radial PM bearing has a negative a
stiffness, which has twice the magnitude of the radial stiffness
a consequence, PM bearings are always used in conjunction
other bearings. In the case of radial PM bearings, there is ofte
active thrust magnetic bearing used for positioning in the a
direction.

Historical Perspective. Baermann@3# invented the PM mag-
netic bearing in 1954, and Backers@4# performed the first detailed
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analysis and experimental verification in 1960–1961 at Phi
Laboratories. Since that early development work, there has b
widespread development and application of permanent ma
bearings. Yonnet and his co-workers@1,5,6# have developed basic
analysis methods and applied them to a wide variety of ra
magnetic bearings and couplings. In contrast to Backers use o
scalar magnetic potential, Yonnet used interactions of differen
magnetic dipoles to formulate force and stiffness expressi
which are integrals of the interactions amongst rotor and st
elements. The purpose of the dipole interaction approach i
capitalize upon certain symmetry properties of magnetic bea
design that become apparent with the technique. Recently, M
nescu and Marinescu@7# have developed a perturbation metho
for stiffness calculation in permanent magnetic bearings that
ploys a surface current model, which differs from the approac
of both Backers and Yonnet.

In this paper the formulation of Backers is followed closely a
extended by replacing a numerical integration with a closed-fo
expression to yield analytical expressions for radial force a
stiffness characteristics of PM bearings. The symmetry result
Yonnet’s dipole interaction approach also lead us to conclude
the force and stiffness characteristics of bearings in Figs. 1~a! and
2 are identical. In addition, new axial force and stiffness expr
sions are given to aid designers in determining thrust bearing
quirements. The force expressions are derived using Backers
mula for the interaction of two sinusoidally magnetized pla
together with a Fourier expansion of the magnetization in
stacked magnet structure. The expression for the peak load is
computed for the bearing structure in Fig. 1 with the stack e
effects neglected.

The radial load expression is evaluated to observe that
neodymium-iron-boron with a remanence of 42 megaGau
Oersted, the peak load capacity is 0.42 Mpa, or 60 psi, times
axial cross sectional area of the bearing (52RL in Fig. 1~b!!. A
useful rule-of-thumb for the associated radial stiffness is 60
radial gap, where the minimum radial gap~and maximum stiff-
ness! is determined by manufacturing and operating limitation

In section 2, Backers’ derivation of the magnetic potential e
ergy in adjacent sinusoidally magnetized plates is summarized
expanded to include the case of plates magnetized in a sq
wave. This review is necessary as we use intermediate resul
Backers’ derivation in calculating axial force characteristics of
bearing. In Section 3, the application of the magnetic poten
energy formula is made to a radial magnetic bearing, and a clo
form expression for the load characteristics of sinusoidally m

the
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Fig. 1 Magnetic bearing geometry with load; „a… isometric
view, „b… axial cross-section and, „c… radial cross-section
Journal of Mechanical Design
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netized radial bearings is presented. The sinusoidal result is
in conjunction with the Fourier series to obtain a series expans
for the load characteristics of a stacked radial bearing. The se
is differentiated to find the stiffness. The axial load characteris
are developed in section 4, and conclusions are made in secti

2 Interaction of Sinusoidally Magnetized Plates
We begin our analysis by summarizing Backers’ calculation

the interaction forces between the two infinite and periodica
magnetized plates of thicknessd depicted in Fig. 3. His interme-
diate calculations are included in addition to the final formu
since we use one of his intermediate results for the axial fo
derivation in section 4. We expound on his work by describing
case where the plates are magnetized at different frequen
Backers’ basic result will enable the analysis of other perio
systems through the use of Fourier expansions. Following the
mulation of Backers, we let plate C in Fig. 3 be located paralle
thex-z plane of a right-handed coordinate frame~only thex andy
axes are shown! and let plate C occupy the region defined byy
P(2d,0). A second plate, B is also parallel to thex-z plane, but
is separated from plate C by a gapg and occupies the regiony
P(g,g1d). Plates B and C are periodically magnetized in they
direction according to

MC5M0 cos~m2pz/l!. (1)

Fig. 2 An axially magnetized bearing has same load capacity
and stiffness as the bearing in Fig. 1 „See †1‡…

Fig. 3 Geometry of interacting periodically magnetized plates
showing direction of magnetization
DECEMBER 2003, Vol. 125 Õ 735
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The magnetizationM is given byM5B2mH. The frequency is
m/l cycles per meter wheremP$1,2,3 . . .%. In the case that the
PM material is saturated during the magnetization process,M0 is
equal to the remanenceBr of the material. Plate B is magnetize
with the same amplitude, but with a different periodic magneti
tion and phase. Let the spatial frequency ben/l, where n
P$1,2,3 . . .% and the phase shift be captured by a displacem
z0 . Hence

MB5M0 cos~n2p~z1z0!/l!. (2)

The scalar magnetic potential at a point (x,y,z) due to plate C is
given by

U~x,y,z!5
1

4pm0
E

VC

MC"r

r 3
dV. (3)

Wherer is the position vector$x,y,z%T andMC is the magnetiza-
tion of plate C. Due to the 1/r 3 in the integrand the integral is
finite. The magnetic field is then given byH[$Hx ,Hy ,Hz%

T

52¹U.
d

t

a

g

y

-
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The potential energy of a volumeVB of plate B in the field of
plate C is

E52E
VB

H"MB dV52E
VB

HyMB dV. (4)

By taking the volumeVB to be a rectangular region with it
z-dimension an integer multiple ofl, its y-dimension to bed and
its x-dimension to be an arbitrary widthw.0, the repulsive force
per unit area is then

sy5
21

wl

]E~l,w!

]y
. (5)

By the calculus of residues, we obtainBackers’ Formula@4#:
sy5H 2
M0

2

4m0
~12e2n2pd/l!2e2n2pg/l cos~n2pz0 /l! if m5n

0 if mÞn

. (6)
essed
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The latter orthogonality result, that the interaction of perio
cally magnetized plates is zero when the periods are not eq
makes the calculation of interaction forces for stacked structu
rather simple. This completes Backers’ derivation. In the next s
tion a new closed-form expression for the force-displacem
characteristics for the PM stacked structure of Fig. 1 is derived
the assumption of negligible end-effects~i.e. L@l).

3 Normalized Radial Stiffness and Peak Load
In this section the configuration of Fig. 1 is analyzed under

assumptions that theR@d, L@l, and they magnetization is sinu-
soidal along thez direction with wavelengthl. The two-
dimensional repulsive force per unit area is calculated for e
differential arcRdf ~see Fig. 1~c!! sinceR@d. The cosine term
in Backers’ equation is minimized atz05l/2. Accordingly, this
value is chosen to maximize the repulsive force between the
magnet plates. Next, remove the assumption of sinusoidal ma
tization by expanding a square-wave magnetization field as a F
rier series, and applying the formula~6! to each term. From the
symmetry of the configuration shown in Fig. 1~a! we see that the
restoring force is zero in they direction.

For the radial bearing with nominal gapg0 , and displacementx
due to loading, the clearanceg(f) around the bearing is easil
seen to be

g5g02x cos~f!. (7)

Substituting this expression forg in Backers’ Formula, and inte
grating over the plate area yields the projection of the radial fo
on thex direction:

F5
LRM0

2

4m0
~12e22pd/l!2e22pg0 /lE

2p

p

e22px/l cosf cosf df.

(8)

Recognizing that this integral can be expressed in terms of annth
order modified Bessel function of the first kind~commonly de-
noted asI n @8#! and normalizing by the area 2LR, we have the
force equation for the sinusoidal magnetized radial bearing,
i-
ual,
res
ec-
ent
for

he

ch

two
ne-
ou-

rce

F

2LR
5

pM0
2

4m0
~12e22pd/l!2e22pg0 /lI 1~2px/l!. (9)

Note that all length parameters appear normalized byl. As a
consequence, all the design parameters are conveniently expr
as dimensionless quantities.

Next, a Fourier expansion is taken of the radial magnetizat
~see Fig. 4! of the stacked structure of Fig. 1. With the assumpti
that the permanent magnet rings are fully magnetized toBr , the
remanence of the material can be expressed as

MB~z!52MC~z!5
4Br

p (
n51,3,5 . . .

1

n
cos~n2pz/l!. (10)

Owing to the orthogonality property in Eq.~6!, the individual
effects of each term in the sequence can be summed directly u
Eq. ~9! to yield an effective pressure on the journal cross sectio
area 2LR of

Fig. 4 Magnetization pattern in the stacked structure of Fig. 1.
B r is the remanence of the permanent magnet material, l is the
spatial period of the bearing pole pattern, and z is the displace-
ment along the axis of the bearing.
Transactions of the ASME

cense or copyright; see http://www.asme.org/terms/Terms_Use.cfm



t

he

ers

or

e
ic is

ss

are
ight

on

Downl
F~x,g,d!

2LR
5

4Br
2

pm0
(
n51
odd

`
1

n2
~12e2n2pd/l!e2n2pg/lI 1~n2px/l!.

(11)

The magnetic pressure increases with the radial thicknessd of
the rings via the factor (12e2n2pd/l) in Eq. ~11!. Note that this
factor quickly approaches 1 asd is increased and little additiona
load capability is gained ford.l. This is an important paramete
in design since the volume~mass! of the PM material requiremen
grows linearly withd. Moreover, the summation converges ra
idly and the first few terms in the summation are all that a
required for most design calculations.

Consider the objective of choosingg andd to provide maximal
force at full deflection corresponding to rotor-stator contact~i.e.

Fig. 5 Radial peak force versus normalized gap for bearings
of Figs. 1 and 2; d ÕlÄ1Õ8,1Õ4,1Õ2,`; B rÄ1.3 Tesla

Fig. 6 Radial restoring force versus displacement for bearings
of Figs. 1 and 2; d ÕlÄ1Õ2; g 0 ÕlÄ0.1,0.22,0.5,1.0; B rÄ1.3 Tesla
Journal of Mechanical Design
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x5g). Settingx5g, and plottingF/2RL for various values of
radial thickness yields the characteristic curves in Fig. 5. T
optimal value ofg/l, obtained numerically from Eq.~11! is 0.22
and is a bit higher than the 1/2p'0.16 suggested in@4#. Note that
settingd5l/2 ~i.e. rings with square cross section! achieves 96%
of the limiting value with d5`. The limiting loading can be
evaluated and is given by

F~ .22,.22,̀ !

2LR
51.26

Br
2

4m0
, (12)

where the factor 1.26 compares with 1.20 obtained by Back
with a numerical integration of Eq.~9!. Evaluating this expression
for neodymium-iron-boron with a remanence of 1.3 Tesla~42
MGOe! leads to a limiting load of 0.424 MPa~60.4 psi!. When
d5l/2 the peak load drops only four percent to 0.401 MPa
58.1 psi.

Figure 6 shows the dependence of Eq.~11! on radial deflection
for various gapsg0 . Note that for small gaps the bearing forc
characteristic is quite linear, but for large gaps the characterist
that of a stiffening spring.

Differentiating the force expression~11! with respect tox and
evaluating atx50 yields an expression for the nominal stiffne
of the bearing:

K[
]

]xU
x50

F~x,g,d!

2LR
(13)

5
4Br

2

lm0
(
n51
odd

`
1

n
~12e2n2pd/l!e2n2pg/l. (14)

A plot of the stiffness as a function ofg/l with d5l/2 is pro-
vided in Fig. 7 and one can see that very high stiffnesses
possible. However, high stiffness is achieved at the cost of t
gap tolerances and many thin rings in a stack.

4 Axial Stiffness and Force
By differentiating the magnetic potential energy Eq.~3! with

respect toz, the normalized axial force can be derived in a fashi
similar to the radial force Eq.~11!:

Fig. 7 Radial stiffness as a function of nominal gap d Õl
Ä1Õ2; B rÄ1.3 Tesla
DECEMBER 2003, Vol. 125 Õ 737
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Faxial~z,x,g,d!5
4Br

2

pm0
(
n51
odd

`
1

n2
~12e2n2pd/l!

3e2n2pg/lI 0~n2px/l!sin~n2pz/l!.

(15)

When the radial force was derived previously,z was set equal to
l/2 to maximize the peak load and stiffness. Here, the radial
pendence of the axial load is carried throughout the calculat
The modified Bessel functionI 0 is even and monotonically in-
creasing for positive arguments, so the worst-case axial load
curs atx5g. The axial force for thex50 and x5g cases are
plotted in Fig. 8 ford5l/2, g50.22l. These axial forces must be
overcome by an active thrust system. Consequently, an ac
thrust system can be sized based on this equation. Figure 8
gests as a design rule-of-thumb 0.6 MPa~85 psi! for the peak
axial pressure where the force is calculated by multiplying
2RL.

The axial stiffness is negative when the radial bearing is pr
erly aligned and is calculated by differentiating Eq.~15! with re-
spect toz and evaluating at (x,z)5(0,0):

Kaxial[
]

]zU
x,z50

Faxial* ~z,x,g,d,l!

52
8Br

2

lm0
lnSA e4pg/l21

e4p~d1g!/l21

e2p~d1g!/l21

e2pg/l21
D . (16)

Observe that the axial stiffness is minus twice the radial stiffne
This is a direct consequence of Earnshaw’s theorem. For a pe
nent magnet system in a static magnetic field, the eigenvalue

Fig. 8 Axial force as a function of axial displacement for two
values of the radial displacement x „dÄlÕ2, gÄ0.22l, B r
Ä1.3 Tesla …
738 Õ Vol. 125, DECEMBER 2003

oaded 25 Feb 2008 to 128.111.125.6. Redistribution subject to ASME li
de-
on.

oc-

tive
sug-

by

p-

ss.
ma-
s of

the stiffness matrix will always add up to zero. In this case th
are two radially directed eigenvectors and one axially direc
eigenvector of the stiffness matrix.

5 Conclusions
Closed form solutions for the radial and axial stiffnesses w

obtained for two radial bearing configurations. The results use
to machine designers are the curves in Figs. 5, 6, 7 and 8, an
corresponding design Eqs.~11! and ~15!. As seen in Eq.~11!,
increasing the radial thicknessd of the bearing increases the bea
ing load to a point of diminishing returns at aboutd5l/2. At this
value of d, 96% of the limiting load is achieved. In contras
Backers@4# and Yonnet@1# have recommendedd5l. Other de-
sign issues such as centrifugal forces on rotors, bending s
nesses of rotors and stators, and durability in assembly, sh
also be considered in choosing the radial bearing thickness.

Note that the load expression~11! is independent of spatia
period,l, wheng, x andd are scaled withl. This means that the
bearing gap and radial thickness can be reduced while maintai
the same peak load capability. The stiffness of the bearing
creases with this scaling according to Eq.~13!, but the ability of
the bearing to absorb energy decreases asl decreases. For mos
designs the nominal gap will be chosen slightly less than the p
load gap. The motivation for this is that the bearing stiffness c
be increased substantially with only modest degradation of
peak load. The latter follows from the flatness of the Fig. 5 cur
near the peak load dimensions. In selectingR andL, the primary
objective is to provide enough journal area to achieve the des
load and stiffness requirements. Since our calculation negl
end-effects,L should be large enough so that there are 4 or 5 ri
in the stack.

Finally, we reiterate two rules-of-thumb for design: the pe
load of a stacked structure PM bearing fabricated using 42 MG
magnetic material is roughly 0.4 MPa~60 psi! times the axial
cross section of the bearing and the corresponding peak axial
is 0.6 MPa~85 psi! times the axial cross section.
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