
1

A

n

r

-
)
w

l
s
f

t
h

v
c
n
i

u

m

ing
rch-

al.

ion
sic
e

to
ac-
a
nd
tor

p-
of
hat
ying

king
f the

re-
, in

er-
s
to
re-
ar
of

lgo-
ut
o-

ase

ing

am-
of

ical
tem
law
er-
of

of
are

con-

SO

ct

G

T

0

Downl
Pseudo-Inverse Based Iterative
Learning Control for Linear
Nonminimum Phase Plants with
Unmodeled Dynamics*

Jayati Ghosh
Agilent Technologies Inc., Bio-Research Solutions, 530
Stevens Creek Blvd. Santa Clara, CA 95051.
e-mail: jayatiIghosh@agilent.com

Brad Paden
Department of Mechanical and Environmental
Engineering, University of California, Santa Barbara, C
93106, U.S.A.
e-mail: paden@engineering.ucsb.edu

Learning control is a very effective approach for tracking repe
tive processes. In this paper, the stable-inversion based lear
controller as presented in (Ghosh, J. and Paden, B., 1999, ‘‘Ite
tive Learning Control for Nonlinear Nonminimum Phase Plan
with Input Disturbances,’’ in Proc. of American Control Confe
ence; Ghosh, J. and Paden, B., 1999, ‘‘A pseudo-inverse ba
Iterative Learning Control for Nonlinear Plants with Distur
bances,’’ in Proc. of 38th Conference on Decision and Control.
modified to accommodate linear nonminimum phase plants
uncertainties. The design of the learning controller is based on
computation of an approximate inverse of the nominal mode
the linear plant, rather than its exact inverse. The advantage
this approach are that the output of the plant need not be dif
entiated and also the plant model need not be exact. A low p
zero-phase filter is used in the iteration loop to achieve robustn
to plant uncertainty. The structure of the controller is such that
low frequency components of the trajectory converge faster t
the high frequency components.@DOI: 10.1115/1.1789540#

1 Introduction
Iterative learning control~ILC! refers to a class of self-tuning

controllers where the system performance of a specified tas
gradually improved or perfected based on the previous per
mances of identical tasks. The concept of ‘‘practice’’ to impro
performance is emphasized in all areas of human endeavor su
gymnastics or musical performances. In the same way, lear
controllers attempt to tune the performance of a system on a g
trajectory by learning through practice. Additionally, learning co
trol can be used effectively when the plant cannot be mode
accurately. The most commonly seen applications of learning c
trol are in the area of robot control in manufacturing and prod
tion industries. Typically, a robot is required to perform a sing
task, say pick-and-place an object along a given trajectory, rep
tively. With a feedback controller alone, the same tracking er
would persist in every repeated trial. In contrast, a learning c
troller can use the information from the previous executions
improve the tracking performance in the next execution. While
some applications, the need to repeat a trajectory multiple ti
for learning may be a distinct disadvantage, in many other ap
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cations, repetitive tasks are commonly performed making learn
control a very natural solution. For more than a decade resea
ers have defined and analyzed iterative learning control~ILC!
schemes. First introduced in 1984 by Arimoto et al.@1# and Craig
@2# and later modified by many others including Kawamura et
@3#, Atkeson et al.@4#, and Bondi et al.@5#, ILC schemes strive to
improve the performance of repetitive tasks using the informat
of the previous trial of the same task. Modifications of the ba
ILC algorithm, such asp-type, PD-type and PID-type hav
evolved in the process. The robustness of the ILC algorithms
disturbances, uncertainties, and initialization errors is still an
tive area of research. Arimoto@6# analyzed the robustness of
PI-type ILC algorithm to errors in initialization, measurement a
fluctuation during operation, and introduced a forgetting fac
into the ILC to enhance it. It is shown in@7# that the model-based
learning scheme in@4# is a special case of this more general a
proach. Sugie and Ono@8# demonstrate the necessity of the use
the error derivative in the learning control process for plants t
do not have a direct transmission term. Based on the time-var
nonlinear extension result of Hauser@7#, Heinzinger et al.@9#
showed that under certain assumptions, the asymptotic trac
errors are bounded and the bounds are continuous functions o
initial errors, uncertainties and disturbances. Chen et al.@10# pro-
posed a way to adjust the final tracking error bound to a p
scribed level with the use of the current iteration tracking error
the presence of uncertainties, disturbances, and initialization
rors. Gao and Chen@11# have illustrated with counter example
the limitations of some of these learning algorithms with regard
nonminimum phase systems. To remove the minimum phase
quirement, they developed a new learning algorithm for line
systems based on ‘‘stable inversion.’’ Based on the algorithm
Gao and Chen, we developed an iterative learning control a
rithm in @12# for nonlinear nonminimum phase plants with inp
disturbances. A modification of the iterative learning control alg
rithm presented in@12# is presented in@13# so that it can be ap-
plied to a more generic class of nonlinear nonminimum ph
plants with input disturbance and output sensor noise.

In this paper we propose an extension to the iterative learn
control algorithm presented in@12,13# so that it can be applied to
a nonminimum phase plant with neglected and unmodeled dyn
ics. Either through deliberate neglect or because of the lack
understanding or the lack of proper measurement of the phys
process. Usually, at high frequencies, any model of a real sys
will contain some unmodeled dynamics. In Sec. 2, an update
for the learning control is proposed for a linear plant with unc
tainty. A learning controller~Fig. 1! based on a pseudo-inverse
the nominal model of the plant is applied as proposed in@13#. A
proof of convergence of the input trajectory to a neighborhood
the desired one is provided. In Sec. 3, simulation examples
presented to show the performance of the proposed learning
troller. Finally, Sec. 4 concludes the paper.

2 Linear Nonminimum Phase Plant With Model Un-
certainty

In this section we present a robust iterative algorithm for SI
stable linear plants with model uncertainty. LetH be a nominal
model of a stable SISO linear plant.

In the state-space formH is given as:

ẋ~ t !5Ax~ t !1Bu~ t !, x~6`!50

y~ t !5Cx~ t !. (1)

H:u°y; L`@0,̀ !→L`@0,̀ !.

A desired trajectoryyd(t) is supported on a finite interval (t
P@0,T#) of the time axis. The objective of learning is to constru
a sequence of input trajectories$ui% i 51

` such thatui→ud and
ud(t) causes the system to track a trajectoryyd(t) as closely as
possible on@0,T#, i.e.:
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yd5~H1D!~ud!, where D represents unmodeled dynamics

Consider the I–O map for the adjoint systemH* :

xG 52ATx̄2CTū, x̄~6`!50
(2)

ȳ5BTx̄.

Fig. 1 Learning control system: „H… nominal plant model; „D…

unmodeled dynamics, „g… zero-phase filter; „LC… learning con-
troller
l
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SinceA is Hurwitz, 2AT is hyperbolic and has all eigenvalues
on the right-half plane. Furthermore, Eq. (2) defines a unique
noncausal mapping as shown by Devasia et al. [14]:

H* :ū° ȳ; L`→L` .

The adjoint system satisfies the property^Hu,v&5^u,H* v& @15#.

Defining H†,a

Motivated by the concept of a pseudo-inverse@16,17# we define
learning controller by the following linear operator:

H†,a,~aI 1H* H !21H* (3)

for aÞ0. We call this ‘‘approximate inverse’’ thea-pseudo inverse
of H. For simplicity thea-pseudo-inverse is referred to as simp
a pseudo-inverse in the rest of this paper.

In time-domain (aI 1H* H): du→d ỹ is:

Fd ẋ
dxG G5F A 0

2CTC 2ATG Fdx
d x̄G1FB0 Gdu; Fdx~6`!

d x̄~6`!G50
(4)

d ỹ5adu1d ȳ.5adu1BTd x̄

Since H is stable, the above system Eq.~4! is hyperbolic with
eigenvalues l(A)øl(2AT). Hence, by @14# (aI 1H* H):
du°d ỹ; L`→L` and is noncausal. Solving Eq.~4! for du, we
see that the inverse operator (aI 1H* H)21 is:
asia
(5)

The eigenvalues of the above system are continuous functions ofa. In the limit a→`, Aa is hyperbolic~sinceA is Hurwitz!. Thus we
can always choose ana for which Aa is hyperbolic. The system Eq.~5! is solved by the stable-noncausal-solution approach of Dev
et al. @14# under the boundary conditionsX(6`)50. Hence, (aI 1H* H)21:d ỹ°du; L`→L` .

The learning controller (aI 1H* H)21H* is given in time domain by:

(6)
-

Ac is block diagonal, therefore the eigenvalues ofAc are eigen-
values ofAa @Eq. ~5!# and2AT. SinceAa is hyperbolic for some
a, Ac is hyperbolic. Hence, the solution of the linear control
described by Eq.~12! can be obtained using stable-noncaus
solution approach@14# under the boundary conditionsX(6`)
50. Hence,

~aI 1H* H !21H* :dy°du

L`→L` .

Using initial conditions att52` rather thant50 allows us to
control x(0) via dy over the interval (2`,0#. Thus tracking per-
formance can be improved relative to assumptions ofu[0 on
er
al-

~2`,0 andx(0)50. Now the update law of the ILC is written in
terms of the operatorsH, (aI 1H* H)21H* and a low pass zero
phase filterg as follows:

ui 11~ t !5gui~ t !1dui~ t !5gui~ t !1~aI 1H* H !21H* @yd~ t !

2yi~ t !#, (7)

where i is the index of iteration of ILC. LetH(v)ªF(H),
F(H†,a)5..@a1H* (v)H(v)#21H* (v) and F(g)5..g(v) where
F(A) stands for the Fourier transform of the operatorA. We can
write the update law in frequency domain as:
Transactions of the ASME
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Fig. 2 Frequency responses „a… linear model H, „b… exact inverse HÀ1 and pseudo-
inverse H†,a
a

, if

de-
l-
ui 11~v!5g~v!ui~v!

1@a1H* ~v!H~v!#21H* ~v!@yd~v!2yi~v!#.

(8)

2.1 Convergence Analysis. In this section we present
theorem for the convergence of the input sequence to the ne
borhood of the desired input solutionud .
Condition 1:
Systems, Measurement, and Control

28.111.125.6. Redistribution subject to ASME li
igh-

uH* ~v!D~v!g~v!u,uH* ~v!H~v!u.

Theorem 1: Given a SISO stable linear plant with uncertainty
Condition 1 is satisfied, the update law Eq.~8! produces a se-
quence of inputs which converges to a neighborhood of the
sired input solutionud if there are no disturbances and no initia
ization error.
Proof: In frequency domain the update law Eq.~8! can be written
for any particular frequencyv as follows:
ui 11~v!5g~v!ui~v!1@a1H* ~v!H~v!#21H* ~v!@yd~v!2yi~v!#

5g~v!ui~v!1@a1H* ~v!H~v!#21H* ~v!$Hyd~v!2@H~v!1D~v!#g~v!ui~v!%5g~v!ui~v!1@a

1H* ~v!H~v!#21@H* ~v!Hyd~v!2@H* ~v!H~v!1H* ~v!D~v!1a2a!g~v!ui~v!#

5g~v!ui~v!2@a1H* ~v!H~v!#21@a1H* ~v!H~v!#g~v!ui~v!

1@a1H* ~v!H~v!#21@a2H* ~v!D~v!#g~v!ui~v!1@a1H* ~v!H~v!#21H* ~v!yd~v!

5@a1H* ~v!H~v!#21@a2H* ~v!D~v!#g~v!ui~v!1@a1H* ~v!H~v!#21H* ~v!~H~v!1D!ud~v!. (9)
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If Condition 1 is satisfied then from Eq.~9! we can show
in the following way that u@a1H* (v)H(v)#21@a
2H* (v)D(v)#g(v)u,1 and henceui converges pointwise in
the frequency domain. The argument is as follows:

Condition 1⇒uH* ~v!D~v!g~v!u,uH* ~v!H~v!u

,a~12ug~v!u!1uH* ~v!H~v!u

~Since, ug~v!u,1, a.0!

⇒aug~v!u1uH* ~v!D~v!g~v!u,ua

1H* ~v!H~v!u Since, H* ~v!H~v!.0.
(10)

⇒u@a2H* ~v!D~v!#g~v!u,a1H* ~v!H~v!u

⇒u@a1H* ~v!H~v!#21

3 @a2H* ~v!D~v!#g~v!u,1.
2.2 Discussion. This ILC scheme has some advantages o
that presented in Refs.@12#, @13#, though in this paper only appli-
cation to linear plant is addressed. In@12# the inverse of the plant,
H21 is considered to be the learning operator. This necessit
taking the derivative of the output to invert the system. Sugie a
Ono @8# demonstrated the need for differentiation in the learn
operator of most of the existing ILC schemes for systems with
direct feedthrough terms in output equations of plants. In pract
derivatives cannot be reliably computed in the presence of ou
sensor noise. Furthermore, the plant may itself produce an ou
signal that is not differentiable. In the learning algorithm based
a pseudo-inverse@13# however, it is not necessary to take th
derivative of the output in order to calculate the update term of
system input at every iteration.~Note thata should be nonzero!.

The frequency responses of the linearized plantH @as given by
Eq. ~1!# and its exact inverseH21 and pseudo-inverseH†,a ~with
a50.001! are shown in Figs. 2~a! and 2~b!. In the ILC scheme
presented in@12#, the learning operatorH21 has high gain at high
frequency as shown in Fig. 2~b!. Therefore, the high frequenc
SEPTEMBER 2004, Vol. 126 Õ 663

cense or copyright; see http://www.asme.org/terms/Terms_Use.cfm



a

p
d

r

ant

-

Downl
noise is amplified by the learning operator. The frequency
sponse of the learning controllerH†,a proposed in@13#, is shown
in Fig. 2~b! ~with a50.001!. From Fig. 2~b! we see that the fre-
quency response ofH†,a behaves similarly toH21 at low frequen-
cies, but rolls off at high frequencies demonstrating a lowp
nature. Thus the high frequency sensor noise is filtered out.
phase responses of the exact inverse and the pseudo-invers
identical @see Fig. 2~b!#. Note that (a1H* H) is a zero-phase
filter. Excellent tracking of the low frequency components
achieved after a few iterations, while the high frequency com
nents of the output error signal converge more slowly but in or
to design the controller an exact model of the linearized plan
used in@12,13#. In this paper we demonstrate that for the line
plant if uD(v)u,uH(v)u, ;v, the learning algorithm as presente
in @13# will still converge. Otherwise, we need to design a ze
phase filterg~v! such that Condition 1 is met to achieve conve
gence.
a

fi
z
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3 Simulation Results

3.1 Simulation Results With Additive Uncertainty. In this
section we perform simulation studies with a SISO stable pl
whose nominal model is given byH(s)51/s11 and additive un-
modeled dynamicsD(s)55/(s125). The reference output trajec
tory is given by:

yd~ t !5H 0.2 sin~ t ! tP@0,2p#

0 otherwise
. (11)

The learning controllerH†,a is given by Eq. ~12! with
a50.001,A521, B51, andC51, as:
du5@0 2a21BT a21BT#F dx
d x̄
dz

G .

(12)
the
nd
re-

im-

arn-
are
Eigenvalues ofAc are 231.6386, 31.6386, 1.0. Since the line
controller is unstable, we apply noncausal stable inversion@14#.

Since Condition 1 is not satisfied~see Fig. 3! at high frequen-
cies, the high frequency error spikes are still present after
iterations, though the low frequency components converge to
~Fig. 4!.

Now we include a zero-phase filterg as shown in Fig. 5. We
consider a low pass filterg f(s)510/(s110). After filtering
through g f(s) in the forward direction, the filtered sequence
then time reversed and run back through the filter. The outpu

Fig. 3 Plot of the magnitude response of the nominal plant
„solid line … and the plant uncertainty „dotted line …
r

ve
ero

is
t of

the second filtering operation is then time reversed to produce
output of g. The result has precisely zero phase distortion a
magnitude modified by the square of the filter’s magnitude
sponse. The effective filter is given asg(s)5g f(s)•g f(2s).
Tracking performance for the high frequency components
proves when the filter is added.

4 Conclusion
The learning algorithm presented in this paper guarantees le

ing, under quite general assumptions. Theoretical assertions

Fig. 4 Tracking with plant uncertainty and without filter g„s …
after five iterations
Transactions of the ASME
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corroborated by simulation results which demonstrate trackin
the presence of unmodeled dynamics. Extension of this algori
to nonlinear plants is a topic of future research.
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