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Introduction

-

fPeriodicity IS everywhere! Phase reduction methods give us
a means of understanding behavior of complex systems in
a simple way.

Classical examples: Huygen's clocks, re ies

Neuronal systems

Cardiac pacemaker cells

Respiration

Digestion

Reproductive systems

© o o o o o

Circadian Rhythms
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Overview

Part | - Neuron Models
Mathematical formalism
Typical dynamics

Part Il - Phase Reduction
Derivation
Computation
Examples

Part Ill - Partial Phase Synchronization
Theory
Simulation results
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Part | - Neuron Models

Figure 1. Hodgkin & Huxley J. Physiol.
(1952) Figure 2: Johnston and Wu
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Conductance-Based Formulation

x = F(x)
x =(V:h;m;n)'

V2R hym;n2][0;1]

Vo= (Ip onah(V Vna)m?®
ok (V  Vk)n* g (Vv W))=C
h = a(V)@2 h) b(V)h
m = an(V)@ m) bn(V)m
n = a(V)Q n) (V)n
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Typical Dynamic Behavior
B B

Figure 3. Hodgkin & Huxley time series J
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Part |l - Phase Reduction Methods

- N

Phase reduction derivation
Phase response curve derivation

Phase response curve computation
Examples
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Phase Reduction Derivation

-

Recall, x = F(x) has a stable limit cycle x (t):

-

X (to) = X (to+ T); T Period
Introduce phase variable (x):R"! [0;2 )

(x (t)) O (X (to+T)) 2

Fort 2 [0;T), x (t) de nes a unique phase angle (x (t))
and de nes a unigue point on the orbit.

X (t) = X 2—T
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Extensions Using Isochrons

d (x)
dt

=1 for x2U(x)

o
r—
N

Figure 4. Josic, Shea-Brown, and Moehlis. Scholarpedia
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Perturbations

-

Consider an O( ) perturbation:

Cdj_)t( = F(x)+ G(x;t)
d(x) _ @ .
I = @ (F(x)+ G(x;t))

X ()
" % G(x (;1)+ O(?)
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Phase Response Curve

-

De ne the Phase Response Curve

@
z()= =
@y ()
‘;_t:u Z() G(x :t)

Electrical stimulus

()= Tp+ Ip(t))  G(x ;1) =(1(t)=C;0,0,0)"

? 3—1_: L+ Zy ()l (1)=C
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Phase Response Computations

-

Two methods to calculate Z( ):
Compute adjoint (XPPAUT)

Sol\ge
rxdt(t) — DFT(X (O « (t)
Subject to
'« 0 F(x (0)="
T-Periodicity

Direct Simulation - use O( ) X;'s

Zi() —()
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Adjoint Method

Integrate system to get rid of transients
Isolate a single period

t V| i In| m/|h

1|t Vi |ng|mg|hy

k || tk | Vk | Nk | Mg | hg

Use "Averaging” module in XPPAUT to solve adjoint

Scale results for phase
_ 2t _ _ 2
k=57 Zi()=r1i =5 xpp
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Phase Response Curves

Zy () (rad/mV-msec)
0.4 !

-

0.3

0.2

0.1

-0.1

—Hindmarsh-Rose
- - -Hodgkin-Huxley

-0.2

Figure 5: Zy ( ) for two neuron models.
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Part Il - Partial Synchronization
f Noise de nition T
Theory
Intuitive description
Numerical results
Theoretical comparison
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De nitions

-

Poisson noise : Independent spike trains with interspike T

Interval  drawn from a Poisson distribution with 83 Hz.
p(; )= e
X
1(t) = | (t  «: lag= |
k

10 ‘ ‘ ‘ ‘
0 20 40 60 80 100

time (msec)
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Theory
- -

(;t) the probability of a neuron having phase between
and + at time t.

At the population level , the following Fokker-Planck
equation holds:

@_ @ _ AT -
at @[(! + Z()1()=C) (;1)]:
Assume a steady-state distribution exists

L
c 2

L+ Zy( )lavg’ 0
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Intuitive Picture

2.5

Z ()

0 pi/2 pi 3pi/2 2pi
g (rad)

Figure 6: Initial phases: i, phase after
drift: i9 and phase after drift and stimu- Figure 7: Sample PRC.
lus: 99

d =1 +27Zy()I()=C; Zy()=1 cos()
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Population Data) PDFs

Figure 8: Example population.

(;t =Kk)

hist( )

pil2

Q('rjfild)
Figure 9: Example histogram and pdf.

#bins
2 #neurons J
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PDFs

avg avg
0.4 \ 0.4 ‘
— Full-dimensional — Full-dimensional
0.35- -- -Phase—r_educed i 0.35" -- -Phase—r_educed
- Theoretical - Theoretical
0.3 B 0.3F B
0.25F <, 0.25
0.2 0.2
0.15 oask T o
0.1 0.1
0.05f B 0.05- i
00 _ 3 2 OO = 3_ 2
2 2 2 2
(rad) (rad)
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Figure 10: PDFs (a) Hindmarsh-Rose and (b) Hodgkin-Huxley
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Hindmarsh-Rose Parameter Space

Maximum phase density: Theoretical

Maximum phase density: Numerical
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Hodgkin-Huxley Parameter Space

-

§

Maximum phase density: Numerical

1

0 o0
oar (mA) a (spikes/msec)

Figure 13: Numerical results.

-

Maximum phase density: Theoretical

1

0 o0
Ibar (mA) a (spikes/ms)

Figure 14: Theoretical prediction.
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Hodgkin-Huxley Parameter Space
-

Maximum phase density: Numerical
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Future Work
-

Dynamical systems characterization

Sinusoidal stimulus (Jess Theilmann)

Coupling and cluster dynamics

Brain neuron models
Feedback control of Electrical Deep Brain Stimulation
FDA-approved treatement for Parkinson's Disease
Currently open-loop, sub-optimal
Use feedback electrode(s)
PRC gives population response information
Phase-based control! mild(er) desynchronizing

stimulus
J
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