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On some problems
from classical boundary layer theory
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Motivation
Concept of boundary layer (Prandtl, 1904 ):

e Great impact on aerodynamics (nature of drag, origin of circu-

lation, flow separation)
e Method of singular perturbations (Kaplun, Lagerstrom)
e Thin layer approximation (parabolic type equations)
Consequences of approximation:
e New self-similar solutions? e.g. wall jets® (incompressible)

e Non-physical behavior? e.g. no upstream influence® (compress-

ible)

aKrechetnikov R.V., Lipatov I.I., STAM J. Appl. Math. 62, 1837 (2002)
PKrechetnikov R.V., Lipatov I.1., J. Appl. Mech. Tech. Phys. 40, 461 (1999).
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Wall jets: self-similarity of the second kind

Blasius boundary layer

\ij‘ljwy_\pwqjyy :\Pyyy
y=0: V=¥, =0
y=o0:¥, =1

Self-similarity:

U= 5151/2f(77)> N = 21/2

+0o0
Momentum conservation, [
— OO

Free jet
Wy Woy =W Wy =Wy,
y=0: V=wv, =0
y=o0:¥, =0
Self-similarity:

— Y
U = gt kf(n), n=-—-—, k="

2

2 9, - _
W, dy = const, yields k = £
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Wall jets: self-similarity of the second kind

(or problem of hidden invariances)

2D Wall jet
v Wy Way — WaWyy = Wyyy
y=0: V=¥, =0
y=o00:¥, =0
» Self-similarity:
_ Y
U =z""f(n), n= vt k=7
+00
Akatnov (1953), Glauert (1956): 8% [ | uQ\I!dy] = 0 yields k = 3.
0

Natural questions: is £ unique? 3D case?
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On generating functions method?

S = (S1,...,Sn) is a conservation current for equation Y = {F = 0}, F =
(Fy, ..., Fy) with n independent and m dependent variables, if

l
0 0
D;( = =0, A, = al Dy, Dy u —
2, D8 E 1= 2 De D= e
Operators A Z ajg Dy, 3 =1,...,1 are determined from the solution of

ZF(Q) =0, Q= (Af(l)a s 7Az<(1))‘yoo )
using definition of the formally adjoint operator A% = S (=1)lelDg, o al

lr is a universal linearization operator:

O0F, OF,

o T ovd  ploly
p=> 1 . . . |Des pp=—"—
o oF oOF, v

Sk oo

aSymmetries and Conservation Laws for Differential Equations of Mathe-
matical Physics, A. M. Vinogradov, AMS 1999
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Solution for 2D wall jet
System (1%)™ () = 0 where Q = (o1, p2)"

dp1 Dy Ov  Opa  0%py du  Ops
Yoz +v8y +¢18y+8az +Vf9y2 N B

or, upon elimination of s,

(’93@_6’\116’290_282\11 090+202_\I!6’_<p+8\1! Oy
oy3  Ox Oy? Jx0y Oy oy? Ox = Oy 0xdy

The only dependence one can assume is ¢ = ¢(V¥), which yields

0.

14

90\1;\1120 — 9021&902\11
The conserved current and hidden invariant

u?W s, oo
S = ) = — / u“Wdy| =0
woW + 5 — \Ilg—"y‘ dz /o
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3D wall jet of Prandtl BLEs

Boundary layer equations: y

ou, ou ou_ o
" ox U@y Yo, ~ Oy?’ - _

'

Ow Ow Ow 0w > -
u%—kv@—y—kwazva—yz, )
Ju N ov N ow 0
or Oy 0Oz '

y=0: u=v=w=0,y=00: u=w =0,

0 0
z=0: a—Z:a—Z:O, z==x00: u=w=0.
Self-similarity (u = \I!;, w = \Ifi, v=—-Ul - P?):
U=t f (n,0), U2 =valEp (n,¢), withn= 2, (= .
x x
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3D wall jet of Prandtl BLEs: exponents

+00 +00
g2 3k 42 / dC/ fnlCfy — ¢n]dn = const =
—00 0

In the plane of symmetry:

0 0.5 1 15

2—-3k+2[=0
oot
ox oy oy?’
oW ow O*W
- W2_
u0x+ Oy V@yQ’
ou Ov ow
— 4+ —4+W=0, W=—
8:1:+8y+ ’ 0z
y=0: u=v=W =0,
y=o00: u=W =0.

Non-reversed velocity profiles = k € ( 15 —|—oo) [ € (%, —|—oo)
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3D wall jet of parabolized NSEs

y
Parabolized NSEs (A = 07 +07): N
ou ou ou i;
u— +v— +w— =vAu, -
Ox oy 0z [ - T3
uav—l—vav—kw@:—l@—l—yAv, i "X
oz Oy 0z p Oy 7
1
Ox oy 0z p 0z
ou Ov Ow y=0: u=v=w=0,y=00: u=w=0,
+ + =0,
oxr Oy 0z ou  Ow
z=20: = =0, z=Z2c0: u=w=0.
0z 0z
Self-similarity (u =¥}, w= V2, v = —¥l — ¥2):
_ _ . Yy <
U =valTFf(0,Q), ¥ =ve(n,Q), p=prie g (n,() withn=—, (= —

ok oo oo
xeT /_ dC/O oA =Kk)nfy+ QA —k)f —k(fe + ¢c] dn=const = |k =2
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Wall jets in non-Newtonian fluids

Ostwald - de Waele power law (n > 1):

8u@- X 8uk

Opu; n Opujur, — Opdsy n doy, /

o — n—l 8uz +8uk
ot or. Oz Oz, Or, Oz,

2D Prandtl equations:

u%—l—fuau: 0 |8u n—l% %
Ox Oy Oy |0y Oy’

o o,

or Oy ’

y=0: u=v=0,

y=o00: u=0~0.

Result: no hidden invariances!
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3D Wall jet in non-Newtonian fluids

Governing equations:

ou  Ou ou 0 ‘811, "Ly 8 |ou|""t ou
u—— —|— V— + w == _|‘ N
Ox Jy dz Oy |0y Jdy 0z |0z 0z
ov v v op' 8 |ou|"! du
Uu— +v—t+w— = — + -~
ox oy 0z oy Ox | Oy oy
ow  Ow Ow op' 8 |ou|" ! du
U— +v— +w— = — + -
ox Oy 0z 0z ox | 0z 0z
ou  Ov ow _0
or dy 0z
Self-similarity:
k(l14+n)—1 kE(2n—1)—(n—1) Y z
w=ax =2 fu(n,C), v=a o e Q) n= s (=
k(2n—1)—(n—1) , k(2n 1)—(n—1)
w =2 n—2 fw (7774-)7 b :x n—2 fp (777<)'
Hidden invariant:
2k_|_3kn—22 /—I-oo /—l—oo 8f n—1 3fu 2)
n— d uJv d — t — ]{5:
x ¢ — fufo + an on 7 = cons n —4
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Conclusions: self-similarities in wall jets

e A systematic approach of constructing self-similar solutions of
the second kind is demonstrated on the example of wall jets

e The classical result of Akatnov (1953) and Glauert (1956) is
reproduced, and uniqueness of the self-similarity exponent is
demonstrated

e This new approach allowed to determine the hidden invariances
for 3D wall jets in Newtonian and non-Newtonian fluids
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On upstream influence in supersonic flows

Upstream influence:

e Lxperimental observation:

Ferri (1939) : boundary layer
e Theoretical conjecture: —- el :i
Howarth (]-948) - separat;on point

Previous approximate models:

Ml Ml Ml
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(a) Tsien (1949) (b) Lighthill (1950)  (c) Lighthill (1953)



ULL, November 11, 2004

Problem formulation: 3D boundary layer

Lp = —p divv,
pLu = _a29p — 9 Ma_u] :
or Oy | Oy

poLH =2 A?== 4+ — |p—
ot Oy | Oy

where L = 0; +u -V, A% = Tr/’y]W2 .

dp O | 8H}

Boundary conditions:
Yy=0:u=0,v=vy,w=0,H = Hy
y=o00:u=1,w =we, H = He

Interaction condition:

1 a8*  96* d5* por —1[ 5 ~v(y+1) —1/2
e — — - r — 1
e (G B ey ) = = T [ T e
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“Incompressible form”

N
.
.

Transformation (t,z,y, z) — (7‘ =t,&E=x,n= foy P dy)

O:au+a’6+aw

o ' On = OC’

, i
b= =5 o (o)
, - i
Lw:—Ap g]ng;n _Pﬂg—z_a
LH=2A2%+% [pu%—lj_,

where v = n¢ + un, + wn. + pv. Thus one can introduce stream-functions

uzw?ﬂ 6:_¢§_¢C7 w:¢n
Boundary layer thickness:

vy—11

6" = —
2vAZ p’

+oo
IE/ [H—uQ—wQ]dn
0
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Characteristic analysis

Transformation

(7,6,m,¢) = ((7,€,¢),n)

yields a system for 435, pa, ¥a, ¢, Ho, which after solving for po produces:

d Vv 1+ w? 1y 7y
Nd—g :w{ﬁ—pf(p) _f}’ Ae = Qr + Qe + Pl — oo

The characteristic equation:

1 [too (H — u? — w?)?

+o0
i , ,
N = — B 7 B _

2 0 [CL — ucos(w) — wsin(w)]Q dn /O ( U w?) dn =0

a is the speed and w is the direction angle of disturbances propagation:

2 27—1/2 QTQ§ . QTQC
CLZQT [Q£+QC] , QCOsw:—m, CLSlnu}:—m.
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Application: a hypersonic yawed wing?

Figure 1: Yawn wing Figure 2: Directional diagram

aControl parameters: temperature, g, € [0, 1], and mass flux, f,, € [—1,1]
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Influence of temperature, g,,, and mass flux, f,
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(b) Downstream speed a.
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Conclusions: upstream influence

e We developed a rigorous (in asymptotic sense) description of

upstream influence using theory of characteristics

e Compared to previous ad hoc endeavors the theory is now ap-
plicable both to linear and nonlinear regimes of disturbances

evolution

e The approach allowed a quantitative analysis of the influence of

active flow control



