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Landau-Levich problem: basic milestones

Clean interface case:

• Experimental prediction of 2/3 law by Morey (1940)

• Theoretical derivation of 2/3 law by Landau & Levich (1942)

• deviations: water paradox by Tallmadge & Stella (1968)

Surfactant (contaminated, polluted) interface case:

• Coating in circular tubes by Bretherton (1961)

• Coating flat substrates by Groenveld (1970)

• Fiber coating by Ramdane & Quéré (1997), Shen et al (2002)

• deviations: film thickening
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Conclusions

General belief :

• Thickening effect is of a purely hydrodynamic nature – the Marangoni
stresses pump additional mass flux into the film, Quéré (1999).

Observation:

• the common feature of all experiments is the occurrence of very
thin films, h∞ ≤ 20µ, for which the thickening is observed.

Conclusion:

• there is no convincing theory and definitive set of experiments
to confirm the viewpoint that the observed thickening is due to
Marangoni stresses.
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Theoretical study: surfactant interface case

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0.7

0.75

0.8

0.85

0.9

0.95

1

Γ

α

0

(a) Dependence on Γ0 for Ca = 10−1.
α

10-3 10-2 10 -1 10
0

0..5

0..6

0..7

0..8

0..9

1

Ca

(b) Dependence on Ca for Γ0 = 0.1.

Figure 1: Thinning factor α = h∞/h
theory
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Theoretical study: surfactant interface case
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Figure 2: Flow pattern.

0 1 2 3 4 5 6 7 8

0. 1

0. 3

0. 5

0. 7

0. 9

γ

s

Figure 3: Surfactant distribution

along the interface for Ca = 0.1

d
ds

(γψn) =
1
Pes

d2γ

ds2
+ j.



APS DFD, November 21, 2004

Conclusions:

1. Pure hydrodynamic modelling of surfactant effect leads to film
thinning, which contradicts the experimental observations.

2. Thus, there are two options:

• There is a problem with fundamental equations, or

• The pure hydrodynamic approach is not satisfactory to ex-
plain the observations, and the model should be extended to
include microscopic phenomena.
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Experimental study: set-up and procedure
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Experimental study: measurability and thickening
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(a) Transition curve: dimensional. (b) Thickening factor α.
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Is the thickening due to Maragoni?

• As follows from Langmuir-Hinshelwood kinetic equation,

dΓ
dt

= kaC(1 − θ) − kdΓ, with ka = 0.64 10−5m s−1, kd = 5.87s−1,

Marangoni stresses become negligible if the product St κ is above
unity (St = ka/U , κ = d C/Γm).

• As the theory predicts, Marangoni stresses depend on Ca (speed
of withdrawal), and thus would destort the 2/3 law.
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Proof
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Possible effects

• adsorbed surfactant layer as an effective rough surface

• changes of rheological properties

• disjoining pressure – the interaction of the liquid (or solution)
and substrate through London-van der Waals forces ∼ 0.03µm,
diffuse double layers lD ∼ 0.3 µm, and structural forces. How-
ever, their strong effect on the film stability was found by Padday
(1970) experimentally at very great thicknesses, 10−2 cm.
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Landau-Levich model with extra body force
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Basic result: non-Landau-Levich matching procedure.



APS DFD, November 21, 2004

Conclusions

• Fully nonlinear theory based on purely hydrodynamic modelling
of surfactant effects yields film thinning.

• Elaborate experimental study, based on kinetic properties of sur-
factants, confirmed non-Marangoni origin of the film thickening.

• Thus we were led to consider the alternative explanations and
the extra body force seems to be the only convincing option at
this time.
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Dip-coating of rough surfaces

Characterization

Figure 4: 230 µm × 300 µm.
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Figure 5: PDF of roughness z.
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On measurability of the Landau-Levich law
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Stabilization effect : Seff = (αs − 1)σ + αsS, S ≡ σsg − σsl − σ
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Dynamic effect of roughness: Ca0.6 vs. Ca2/3

10
-4

10
-3

10
-2

Ca

h
/l c

8

10
-3

5.

10
-2

10
-2

5.

Figure 6: Thickness of film deposited on a roughened substrate.
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A simple model: motivation
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A simple model: results

With transformation x→ βx̃, h→ h∞h̃;

h̃x̃x̃x̃h̃
3 − β(h̃3 − 1) + 3

Ca

β3
(h̃− 1) + 3l

1 − h̃2

β
+ 3l

h̃2h̃x̃x̃x̃

β2
= 0.

• Therefore, if l � Ca2/3 one gets β ∼ Ca1/3, i.e. the L.-L. law;

• If l 	 Ca2/3 then β ∼ √
l and a law independent of the capillary

number as indicated at the beginning of this subsection.

• In the intermediate regime, l ∼ Ca2/3 all terms in the above
general equation are important.
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Conclusions: surfactant vs. roughness

Exceptional stability is observed for

1. a film substantially contaminated with surfactant, or

2. a film deposited on a rough glass substrate, even though rms is
much smaller than the film thickness.

Film existence is dictated by the energies of film interaction with

• the substrate (affected by the nature of the liquid and sub-
strate and can be amplified by roughening the liquid-solid inter-
face, and/or by introducing surfactants);

• gravity (usually destabilizing since it drives the film drainage)

• itself (primarily a manifestation of surface tension forces which
tend to minimize the interfacial area.)


